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Validation of the fitting procedure 
 
The fitting procedure was able to generate the mathematical 
equation model that is used to align the multiple cones. 
 
To get the wanted parametric mathematical equation model, I 
together with the two specialists have self-developed a dental 
arch dimension image-data processing procedure. It is like the 
following:  
 
1. Import the original 3D teeth image file into the software 

MeshLab. 
2. Filter, transform and rotate the image file by applying 

different functionality of the software to it;3. Save the 
actions as a script file (for the feasible automation of the 
large amount image files by python coding) in the 
corresponding computer folder. 

3. Save the 3D teeth image as a pure text file without any 
normal data added to it. 

4. Change the above 3D image file into spreadsheet file. 
5. By calling the n-dimensional polynomial fitting function in 

the library of MATLAB, we may initially obtain the 
mathematical equation model like the following form: 

 
z = Ax1

2 + Bx1x2 + Cx2
2 + Dx1 + Ex2 + constant ------------- (7) 

 
Precisely, if we want to improve the accuracy of the above 
equation (*) for the teeth vertex fitting, we may need to 
technically filter out the noise data of the imported spreadsheet 
image by calling the self-modified function that used the dB 
Scan function from the MATLAB library. 
 
6. We have also developed a function that fits and calls the 

above self-modified dB Scan function for the imported 
teeth image spreadsheet data file. 

7. Group and order the teeth image spreadsheet data file. 
8. Save the fitted curve of the image teeth into either the jpeg 

or figure file. 
9. We may then remodel the above fitted image file by using 

CAD software with cones fitted to the previously obtained 
curve and save it as a suitable format. 

10. Convert the above suitable format of the into pure text data 
file by software MeshLab. 

11. Change the pure text cone fitted file into a spreadsheet 
format. 

12. Repeat steps 7 – 9 once more. 
13. Check the calculated oral arch dimension curve with the 

one computed in step 6 and determine whether the 
coefficients of the two fitted equations are completely the 
same. 

 
DISCUSSION, APPLICATION & CONCLUSION 
 
How we may convert the original computer-generated 
equations into the wanted general mathematical model 
equation: 
 
For the general oral arch dimension equation, we previously 
get: 
 
z = A x1

2 + B x1 x2 + C x2
2 + D x1 + E x2 + constant 

 
According to the commutative and associative property of 
mathematical addition method in Abstract Algebra, the 
equation may be reformed into [6], [7]: 

Z = A x1
2 + C x2

2 + D x1 + E x2 + constant + B x1 x2 --------- 
Commutative Property 
 
Z = A x1

2 + C x2
2 + D x1 + E x2 + constant + B x1 x2 

 
= (A x1

2 + C x2
2 + D x1 + E x2) + constant + B x1 x2 

= A x1
2 + C x2

2 + D x1 + E x2 + (B x1 x2 +constant) 
--------- Associative Property 
 
But  
 
A x1

2 + C x2
2 + D x1 + E x2 + con1 is an equation of circle 

whileB x1 x2 +con2 is an equation of a hyperbola,  
and  
 
hence, we may express the equation Z in parametric form: 
Z = (h1 + r cos Ɵ)2 + (k1 + r sin Ɵ)2 + (h2 + cosh α) (k2 + sinh 
α) 
 
Or in its exponential form: 
 

Z = [h 1 + r(
𝒆𝒊𝜽ା𝒆ష𝒊𝜽

𝟐
)]2+ [k1 + r (

𝒆𝒊𝜽ି𝒆ష𝒊𝜽

𝟐
)]2+ [h2 + 

(
𝒆𝜶ା𝒆ష𝜶

𝟐
)]*[(k2+(

𝒆𝜶ି𝒆ష𝜶

𝟐
) ] 

 
Geometrically, by the Pythagoras Theorem, we may further 
assume that: 
 

[h 1 + r (
௘೔ഇା௘ష೔ഇ

ଶ
)]2+ [k1 + r (

௘೔ഇି௘ష೔ഇ

ଶ
)]2= c2 

i.e. Z = c2 +[h2 + (
௘ഀା௘షഀ

ଶ
)] *[(k2+ (

௘ഀି௘షഀ

ଶ
)] 

= c2 + ab  where a = [h2 + (
௘ഀା௘షഀ

ଶ
)]andb = [(k2+ 

(
௘ഀି௘షഀ

ଶ
)] 

 
Or in the format of a conjugate expression (Pell’s Equation): 
 

Z =(c +√𝑎𝑏+ ඥ2𝑐√𝑎𝑏)*(c + √𝑎𝑏 - ඥ2𝑐√𝑎𝑏) 
 
(With a combination of different addition and subtraction up to 
a maximum four sets of equation expression; also, with the 
negative sign in front of the equation, 
 

i.e. [- (c + √𝑎𝑏 + ඥ2𝑐√𝑎𝑏)*(c + √𝑎𝑏 - ඥ2𝑐√𝑎𝑏)] 
 
or a maximum of eight sets of Pell’s equation expression)and 
may be considered as a full version of the 3-dimensional 
hyperbola curve which has been shown only a half part in 
figure 4.  
 

Z = [c + √𝑎𝑏ర  (√𝑎𝑏ర  + √2𝑐)] [c + √𝑎𝑏ర  (√𝑎𝑏ర  - √2𝑐)] (with a 
combination of different addition and subtraction up to a four 
sets of equation expression & optional simplification & may be 
a depth and wide previous study in the number theory & solve 
Pell’s Equation which is NOT the core focus of the present 
paper; also with the negative sign in front of the equation, 
 

i.e. [- (c + √𝑎𝑏 + ඥ2𝑐√𝑎𝑏)*(c + √𝑎𝑏 - ඥ2𝑐√𝑎𝑏)] 
 
or a maximum of totally eight sets of Pell’s equation 
expression) [4] 
 
Moreover, we may consider the equation [(c + √𝑎𝑏 + 

ඥ2𝑐√𝑎𝑏)*(c + √𝑎𝑏 - ඥ2𝑐√𝑎𝑏)] as a special case of the 
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