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Abstract

Free convective Magneto hydrodynamics (MHD) Couette flow of nanofluid through a porous medium in a vertical permeable channel with
thermal radiation and suction/injection. A Cu-ethylene glycol nanofluid is evaluated. The class of equations and their numerical integration are
discretized by means of C.N. (Crank-Nicolson) implicit difference scheme for the integrated governing unsteady mass, momentum & energy
equation systems. In the present article, the steady-state fluid flow with heat transfer have been studied by this mathematical model. Hence, the
analysis and comparison of the steady and the unsteady are presented. The dominance of various physical parameters are displayed in the form

of graphs for velocity and temperature profiles for both cases.
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INTRODUCTION

The region of free natural convection, whether in vertical or
horizontal channels, has some technical use. An industrial or
engineering application will always have channel flow. Most
modern materials processing has to do with free convection
MHD flows with radiation because so many researchers are
tired of studying flow. Kumar ez al. [1] observed the natural
convective flow in two regions. They were in a vertical
channel, the lower one was filled with a micropolar fluid and
the upper one was viscous. In the study of the effects of inertial
force in mixed convection flow between vertical channels of
porous medium, Umavathi ef al. [2] considered the effects of
Darcy and Viscous dissipation. Unsteady MHD conjugate flow
for different fluids over an oscillating vertical plate contained
in a porous medium has been done by Hussanam et al.[3] and
Khalid et al.[4]. Khem ef al. [5]analyzed MHD Couette flow of
a viscous incompressible electrically conducting fluid through
completely porous medium bounded laterally by two insulated
vertical porous plates. The problem of transient natural
convection Couette flow between two infinite vertical parallel
plates has been solved by Jha e al. [6], [7]. The effects of
radiation, chemical reaction, Soret, and heat generation effects
on MHD free convective Casson fluid flow past an oscillating
vertical have been studied by Kataria and Patel [8], [9].
Various physical processes of engineering which employ
suction/injection such as skin cooling, removal of reactants,
prevention of corrosion, thermal oil recovery, and thrust-
bearing design applications have made unsteady MHD free-
convection flow a burning topic today. Operations in flow
alike Couette-Flow and transfer of heat with suction/injection
effects on varying properties have been analyzed by Attia [10].
The fluid flow effects of both injection & suction under the
unsteady conditions of two parallel plates in a permeable
media were examined by Makinde and Rundora [11] under
convective boundary conditions and using a third-grade fluid
model with viscosity as variable. Jha et al. [12], [13] have
shown both the analytical and numerical solution for Couette
flow of incompressible viscous fluids between two-infinite
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vertical porous plates and vertical channels respectively.
Research has been done in other areas, revealing the
performances of heat transfer in fluids with the addition of
particles as early as Maxwell first proposed it. The researchers,
Choi and Eastman, introduced the concept of 'Nanofluids'
whereby ultrafine nanoparticles are suspended in a base fluid
to counteract many problems due to large suspended particles,
including quick sedimentation and blocking of channels.
Buddakkagari and Kumar studied the hydrodynamic transient
boundary layer flow of nanofluids over a flat cone and plate
with constant boundary conditions using the Crank Nicolson
implicit difference method, which was followed by Chouhan
and Kumar to examine the effect of radiation and unsteady
flow over velocity and temperature slip boundary conditions in
a porous medium channel. However, based on the past studies
in many researchers' efforts, numerous works have been
investigated concerning numerical simulation of convective
boundary heat transfer of nanofluids in vertical plates or
channels while accounting for a series of effects like under
magneto hydrodynamics and radiation as indicated in
references [14], [15], [16], [17], [18], [19], [20], [21], [22],
[23], [24], [25], [26], [27], [28], [29]. Additionally, there are
the studies on mixed convective magnetohydrodynamic water-
based nanofluids in a variety of geometries such as vertical
channels, stretching sheets, inclined ducts, cylinders, inclined
cylinders, and wavy channels in the indices of references [30],
[311, [32], [33], [34], [35], [36], [37]. The present research
attempts to study free convective magneto hydrodynamic
Couette flow of nanofluid in a vertical porous channel whose
boundaries are subjected to thermal radiation effects, suction,
and injection into the porous medium. Steady-state and
unsteady flow under the same boundary conditions is analyzed
for heat transfer characteristics. The results also coincide with
recent literature.

MATHEMATICAL FORMULATION

This present study deliberates over the unsteady free
convective Couette flow occurring between the two infinite
porous plates under the influence of a B, (transverse magnetic
field) along with the g,(radiation of intensity) in a vertical
channel.
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A A kng _ (kst(=Dkp)-¢p(n-1)(kr—ks)
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" X' (pCy),,, = (1= B)(0Cp), + B(pCy), )
— —
Bo -1 1'(v') T u=0 To measure kyy (thermal conductivity) of the nanofluid for
1 different shapes of nano particles, we adopted the following
w=U . 3’ formula which is discovered by Hamilton and Crosser [30].
i S Here n is the nano particle shape, for spherical n = 3 and for
—1> cylindrical shaped particles n = % In this discussion, we have
considered spherical nanoparticles.
for radiation effect we use Rosseland diffusion approximation:
40, OT'"*
ar = — 5
3k, 0y’
y'=0 y'i=H

Fig. 1. Physical configuration and coordinate system

The fluid motion-induced induced magnetic field is assumed to
be small compared to the externally applied magnetic field,
that is, magnetic Reynolds number very small. In addition,
Ohmic heating, ion slip, and Hall effects are neglected
concerning them having a very insignificant effect on the
matter concerned. The study is based on copper nanoparticles
suspended in Ethylene glycol, with the nanoparticles being
spherical and uniformly sized and remaining in thermal
equilibrium with the base fluid. We set up x’,y’ (rectangular
Cartesian coordinate system) wherein the x'-axis is directed
along the vertical plate which moving in the upward direction
and the y’-axis is taken to be normal to the plane of the plate.
Since the porous plates are assumed to be infinite, the velocity
and time thus depend only on y’ and t’. The fluid and the
permeable plates inside the channel are at rest at time t' = 0,
and the system is at uniform temperature T,. At y' =0, a
porous plate begins to move in the x’ direction with velocity U,
for t' >0, while at the same time setting the surface
temperature of the plate to T,,. The other porous plate is kept at
a distance H from the moving plate at a constant temperature
Ty (with T,, > Ty). Suction/injection at velocity V, is assumed
for the moving porous plate located at y' = 0.

The governing momentum & energy equations in dimensional
form are:

our

Py [+ Vo 52| = bty S = OB + (0D 9T = T) = 2L )
T/ ’ a%Tr  aqy

(pC )nf [an Yo ayr] = kns ay’2 oy @

Appropriate boundary conditions are

t'<0:u' =0T =Ty, 0<y<H

u=UT =T,,aty' =0

/> .
t _0'{u’=O,T’=To, aty' =H

A3)
—_ ¥ —
.unf - (1_¢)2,5 s pnf - (1 - ()b)pf + ¢ps >

Vnf = =L (Pﬁ)nf =1 -¢)pB)f+ d(ph)s .

We considered the temperature differences in the flow such
that the term T* can actually be approximated to a linear
function in temperature. This can be done by Taylor expanding
T* about T,, dropping all second and higher-order terms:

T* = 4T3T' — 3T¢

dqr _ @ ( 40‘10T’4)_ a ( 4016(4T03T’—3T5‘))_
ay' ~ ay’ 3k, ay' ) T a8y’ -

3k, 6y’
-160,T§ 92T’

—3 (%)

3ky  dy

The Table 1 shows the physical properties of Cu particles and
the base liquid (CH, OH), (ethylene glycol).

Tablel.Thermo-physicalpropertiesoffluid f&nanoparticles [24]

Physical properties EthyleneGlycol Cu(Copper)
Cp(I/kgK) 2415 385
plkg/m3) 1114 8933

k (W/mK) 0.252 400

B(1/K) 57x107° 1.67x10°

The dimensionless quantities that convert the present problem
into the dimensionless form are:

t'vny y' u’ T'-T,
t=—p Y=y U= U’H_TW—TO'
Where:
M2 = oBZH? Kk _VoH e 9BfH?(Tw=To)
prvr (vpcp),’ vr vvp
40,T§ ko
N = —k ko N = E (6)
1%f

Using equations (4-6) in equations (1-3), we get the non-
dimensional form of momentum & energy equations with their
respective boundary conditions, respectively:

7] a a2

$1h2 5, + 55, =53+ Grpuhs — pMPu— ¢ (7)
a0 a0 knf | 4N\ 326

Proufz+s 3= (2 + %) 58 ®
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With the dimensionless initial & boundary conditions as:

t<0:u=0,0=0,05y<1

u=160=1aty=0
tzo'{u=0,6=0,aty=1 ©
Where:

¢1=(1—¢)2-5,¢2=1—¢+¢(§_;),¢3=1_¢+

B _ (pCp),
¢(p.3)f’¢_1 ¢+¢(Cp)f
METHOD OF SOLUTION

For the transient, nonlinear momentum, and energy equations
(7) and (8), subject to their initial and boundary conditions by
(9), the Crank-Nicolson implicit finite difference scheme has
been adopted. It is extensively used in several problems of
partial differential equations and is generally regarded as
reliable. All time steps anyway must be stable with respect to
the spatial grid sizes. The method adopts a central difference
scheme in space while treating time implicitly. Constructed
and solved using the tridiagonal matrix algorithm, the
difference equations represent partial differential elements of
the equations. The trapezoidal rule is applied for the transient
problems, giving the method second-order convergence. The
Crank-Nicolson method (CNM) has been effectively
implemented under various boundary conditions for
conduction, radiation, and convection flow. The computational
domain (0 < t < 00)&(0 < y < 1) is divided into a mesh
of lines parallel to the t and y axis.

We list the FDE (finite difference equations) that correspond to
Equations (7) & (8).

uu+1 Ui j Uity j+1~ Ui j+1HUive,j— Ui ]
rb [“L] 4 Sy, | [ =

[u1—1 ]+1—2uu+1+u1+1 jH1TUi— 1j—2ui,j+ui+1,j] +

2(4y)?
Grtn [ (g + ) [
0, O, is1 + Oiar i — 01
Pr ¢4[ , 11] +PrSe, 1.12+A1y i+1,j 1.1] _

@_'_ﬂ [9L—1,1+1—29L,]+1+9L+1,1+1+9i—1,j—29i,j+9i+1,j]
kg 3 2(4y)?

(10)

[ i+1,j+1

an

Here, along the y- axis grid point classifies by the subscript i, j
along the t-direction. For calculation step sizes an appropriate
mesh size is considered as At = 0.001and 4y = 0.01 for t and
y, respectively. From the initialconditions the values of u and
6 are known at all grid points at t = 0. The known data from
the previous time step (j) are used for calculating u and 6 at
time level j + 1.

The equation (10)-(11) (finite difference
transformed to the following algebraic equations:

equations)are

ui+1,j+1[¢1¢25/my -]
+ Ujjv1 [2¢1¢2

At
+ At¢1M2 + ?:l - lui_1,j+1 =

Ui 1A = §192SAAY] + i 216 + b1boSAAy — 21
At(l)le — %:I + Aui_l,j + Si,j (12)

knr 4N
Oi+1,j+1 |PT s SALy — k_+? A
f

+ 0,41 [2 Pr ¢, — Pr ¢, SAAy

L
+2 Al =
kT3
k 4N
f
(_knf t3 )/191'—1,j+1 =

6i+1j [<E+ﬂ)l—PT¢4SlAy] +9ij [2PT¢4 +

Pr by SALy — z(k"f + ‘“V) ,1] (""f + ),wl y (13)
Whered = (A )2 and S; ; = AtGrop1 (0,511 + 6, 5)
under the initial & boundary conditions

ui,j—O, i=1,2, ...... ,q+1,
=1 } =23 +1 (14)
Ugsr, =0 j=23,...... ,p+1,

91"}'=0, l:1,2, ...... ,q+1,
Oy =1 } =23 +1 (15)
By11,; =0 j=23...... ,p+ 1.

Let the finite difference equation (8) be a tri-diagonal system
of equations at every internal nodal point on a fixed i-level.
Such a system of equations is solved by the algorithm
described by Thomas. Thus, the values of 6 are found for all
nodal points on a particular i at the time level (j + 1).
Similarly, the values of u are computed first from equation (8).
Hence, u and 6 are known at a particular i-level. The above is
then repeated for the different i levels. The values of u and 6
are thus known at all grid points in the rectangular region at the
(j+ 1) time level. The computations will continue until a
steady state is reached. It is assumed that those conditions in
steady states have been achieved when, at all grid points, the
absolute differences for velocity u and temperature 6 between
values for two consecutive time features are less than 1075,

Particular Case: Steady state
In other words, we converted to steady state the present

problem and solved it analytically. The equations in steady
states with boundary conditions are:

d 1
— 51925 — ($1M2 + 1) u = —Grehs 50 (16)
kng | 4N\ d?6 do _
(?+T)d—yz—¢4SPrE—0 (17)
The boundary conditions are:
u=10=1 at y=0
u=006=0 at y=1 (18)

Anaytical Solution:

Under the boundary conditions (18) the solution of equations
(16-17) for non-dimensional velocity and temperature profile
are represented as:
0 =Ce”+C, (19)

u = e™Y[C; cosh(asy) + C, sinh(asy)] + age™ +aq (20)
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Where:
C=— = ¢, =1 Co=—2
T R AT
knr 4N b
azk_f 3 b = ¢,S Pr, S=7 a; =S¢z, ay
1
=¢1M2+E' az = Gro,¢s,

a, Jaz + 4a,

a4=7, as =

> )
Ag = _a3C1A2, a, = BZ - alBA - a2A2,
Qe
ag = a—,
7
_ azC, _ s _ o 5
g = » Q1o = —Ag€” — g, Q11 = oar Cs cosh(as)

2
RESULTS AND DISCUSSION

The effects on velocity and temperature distributions by
several parameters have been portrayed in Figs. 2 to 10. The
following parameters contains M (magnetic field parameter), K
(permeability parameter), N (radiation parameter),¢p (volume
fraction of nanoparticles), Gr  (Grashof number), and S
(suction parameter) for steady & unsteady problems. In this
case, the Prandtl number of the base fluid (water) is held
constant at 6.2. S = +0.5 (i.e.,S > 0) denotes injection at
the plate at y' = 0 and simultaneous suction at y' = H,
whereas S = —0.5 (i.e.,S < 0) refers to suction at the plate
vy’ = 0 and simultaneous injection aty’ = H. When ¢p = 0,
the model reverts to the governing equations for a normal
viscous fluid, thus eliminating any nanoscale characteristics.

1

.............. Seady state

0.8 S=0.5(injection) |

N=0,05,1
0.6

0.4

0.2

o] 0.2 04 0.6 0.8 1

................... Seady state
S=-0.5(siction) |

0.8

0.6

04

0.2

(0] 0.2 04 y 0.6 0.8 1

(b
Fig. 2 Impact of variation in radiation parameter N in (a)
Injection ($> 0) (b) Suction (S< 0) on the 6 (temperature profile)
when Pr = 6.2, time t=0.1, $ = 0.1

.................. Seady state

08 S= 0.5(injection) |

$=0, 0.1, 0.2, 0.3
0.6

04

0.2

$=0, 0.1, 0.2, 0.3

Stencly state

ozl % S=- O.5(axtion) |

=001 02 03
O 1
Q az LT I ¢ ] a8 1

(®)
Fig. 3 Impact of variation in ¢ (volume fraction of nanoparticles)
(a) Injection (S> 0) (b) Suction (S< 0) on O (temperature profile)
when Pr = 6.2, time t = 0.1, N=1.

The aforementioned composite figures depict temperature
distribution of nanofluid flow due to N (radiation parameter)
&¢ (volume fraction) under suction/injection at the moving
plate. It is noted that the temperature increases with an increase
in N or ¢ during suction/injection in the unsteady case and
during suction in the steady case since the increase in radiation
parameter leads to an increase in fluid heating, enhancing
temperature and thermal boundary layer thickness; however,
injection at the moving plate for S > 0 in steady conditions
leads to decreased temperature with an increase in N or ¢.

§=0.5 (injection)
0% YN M, menenn Soady state
\\\\i M&‘N
e NN 1
B NN N S
VNN
04 AN AN Tty _
OANL
AN AN Y

0 ) A N N

- AN L el , 4

VA NN
time=01,0203 1~ N
n L . L
. 0.2 04 . 06 03 1
(a)
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S=0.5 (injection)
ogl B e Steady state
0.6 1
u 73
0.4 , . |
0.2 ]
time =0.1,0.2,0.3, 0.5 S, )
0 ‘ ‘ ‘ ‘
0 0.2 04, 06 0.8 1
()

Fig. 4 Impact of variation in time t (a) Injection (5> 0) (b) Suction
(5< 0) on the 0 (temperature profile) when Pr=6.2, N =1, ¢ =0.1

The influence of dimensionless time t on 6 (temperature
profile) and f' (velocity profiles) are illustrated in Figs. (4-5)
for injection as well for suction at y = 0. It is found that both
the temperature & velocity of the field increase with time until
it reaches a steady state. Furthermore, temperature variation in
Fig. 4 shows an evident effect of ¢, in such a way that, in both
cases at y = 0 injection dominates over suction

S=-0.5 (suction)
08 [ N bbb Steady state
0.6} ,
u
0.4}
02} ,
time = 0.1, 0.2, 0.3, 0.5
O L L L
0 0.2 04 06 0.8 1
(@)
1
t, S=- 0.5 (suction)
08! "... ............ Seady state
.
0.6} :
)
04} ,
02} 1
time=0.1, 0.2, 0.3, 0.5
0 1 I | ,
0 02 04 06 0.8 1
(b)

Fig. 5 Impact of variation in time t (a) Injection (S> 0) (b) Suction
(5< 0) on the velocity profile when Pr=6.2,$=0.1, M =1,
K=0.1,Gr=5,N=1

bey wrmseeeseas Seady state 1
.'*.‘ o, S=- 0.5 (suction)

0.8} 1
K=10, 1,0.1, 0.01

04+

0.2+

(b)

Fig. 6. Effect of variation in permeability parameter K (a)
Injection ($> 0) (b) Suction (S< 0) on the velocity profile when Pr
=6.2,0=01,M=1,t=0.1,Gr=5,N=1
From Fig. So, in Fig 6(a-b) it is observed the significant
influence of K on the steady state velocity when the injection
or the suction is applied at y = 0. Velocity is increasing for
more increment in permeability parameter but this increment
is insignificant for higher permeability. It is because Darcy’s
resistance force is reduced by the increase of permeability, so

the flow increases.

1
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"'n. ."i."’n
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02} 1
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'."a:.":, (N
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)
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........... Seady state
L S=- 0.5 (suction)
0.8 7
0.6 7
u
04 7
02 7
0
0 1

Fig. 7 Impact of variation in magnetic parameter M (a) Injection
(85> 0) (b) Suction (S< 0) on the velocity profile when Pr =6.2, ¢ =
01,K=0.1,t=0.1,Gr=5,N=1

Fig. shows that transient and steady state velocity of nanofluid
decreases as magnetic field parameter M increases. Case 7(a-
b) S > 0 and S < 0 in both cases. This is due to the
activation of the Lorentz force when a magnetic field is
present, the same that opposes the flow if the magnetic field is
perpendicular to the flow direction.

In Fig. 8 (a-b), the influence of the volume fraction parameter
¢ on velocity distribution for both steady and unsteady states
is shown. The outcome reveals that the flow velocity decreases
on increasing the volume fraction of the nanoparticles in both
states, while the ¢ does not significantly affect the velocity of
the unsteady state for either case when the injection is at
moving plate and suction at stationary plate or vice versa.

........... Seady state
S= 0.5 (injection)

0.8 7
0.6 ]
u
04 ]
0.2 7

0 . . . ’

0 0.2 0.4 v 0.6 0.8 1
(a)
1
............ Seady state
S= - 0.5 (suction)

0.8 . ]
0.6 ]
u $= 0, 0.1, 0.2, 0.3
0.4 ]
02 7

o

0 1

(b)
Fig. 8 Effect of variation in volume fraction of nanofluid ¢ (a)
Injection ($> 0) (b) Suction (5<0) on the velocity profile when Pr
=62,M=1,K=0.1,t=0.1,Gr=5,N=1

The impact of the Grashof number Gr on the velocity profile
distribution w. r. to injection and suction is presented in Fig. 9
(a-b). For both cases, an increase in Gr causes an increase in
both the steady and the unsteady velocities. Also, the effect of
Gr is much more pronounced in the steady case than in the
transient one in both Figs. 9 (a and b). In Fig. 10 (a-b), it is
observed that in both the steady and unsteady states, velocity
decreases with an increasein the radiation parameter for
S > 0 (injection) at y = 0, whereas the opposite effect is
observed for § < 0 (suction) aty = 0.
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xS S= 0.5 (injection)
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0 1 1 1 1
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0.8} ¥
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u
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0.2
0
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(b)
Fig. 9 Effect of variation in Grashoff number Gr (a) Injection (S>
0) (b) Suction (S< 0) on the velocity profile when Pr =6.2, ¢ = 0.1,
K=0.1,t=01,M=1,N=1
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S= 0.5 (injection)
0.8 1
0.6 1

u

0.4 1

N=1,2,5,10
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1 py = reference density
........... Steady state Uy = dynamic viscosity

osl S= - 0.5 (swction) | ks = thermal conductivity
By = thermal expansion
(pCp) P heat capacitance of base fluid

06/ 1 p, = reference density of solid

u Us = dynamic viscosity of solid

04l ] k¢ = thermal conductivity of solid
Bs = electrical conductivity of solid
(pCp)S: heat capacitance of solid

02y ) nf, f, s = nanofluid, base fluid, solid nanoparticle
o; = Stefan—Boltzmann constant

o k; = mean absorption coefficient
0 1 u = velocity
0 = temperature
. M? = gB6H? _ magnetic parameter
Fig. 10. Effect of variation in radiation parameter N (a) Injection pPfVf
(8> 0) (b) Suction (S< 0) on the velocity profile when Pr =6.2, ¢ = Pr = ke _ Prandtl number
0.1,K=0.1,t=0.1,M=1,Gr=5 (voCp)

Conclusion

We analyse thermal radiation and suction/injection effects in a
porous medium on free MHD convection Couette flow of a
nanofluid in a permeable channel which is vertical. We study
steady and unsteady flow & heat transferee under the same
boundary conditions. We arrive at the conclusion that:

e For both situations’ suction/injection, field velocity profile
and temperature profile both shows hike with an increase in
time until the steady state is attained.

e For both suction/injection, velocity profile shows hike with
amplify effect of K (permeability parameter)&Gr (Grashof
number) while reverse effect shows with increase of
magnetic parameter M and volume fraction parameter ¢.

With suction the temperature has increases with increase in
effect of radiation and volume fraction for both steady and
unsteady conditions but for injection, temperature increases in
unsteady state whereas in steady state, it decreases.

Nomenclature

B, = Transverse magnetic field

q, = Radiation of intensity

t' = time

u' = velocity of fluid in y' direction
g = gravitational acceleration

T' = dimensional temperature of fluid
o = electrical conductivity of fluid

ko = permeability coefficient

Uns = Effective dynamic viscosity [,un F= #}
pny = effective density [pnr = (1 — §)p; + dps]

Vs = effective kinematic viscosity [vnf = ﬁif ,
nf
N L ks+(n—1)ks)—d(n-1)(k =k
knr = thermal conduct1v1ty[if _ Ut Dky) =Dy S)]
ks (les+(n=D)kf)+¢p(kp—ks)

By = thermal expansion [(p8)ny = (1~ $)(0B); + $(oB)]
(pCp)nf = heat capacitance of the nanofluid [(pCp)nf =
(1= $)(pC,), + ¢(pCy),|

¢ = solid volume fraction of nanofluid

VoH Ce
S= v°— = suction/injection parameter
f

_ 9BfH*(Tyw=To)
- UVf

Gr = Grashoff number

_ 40yTg

= radiation parameter
kqkg

k .
K= H—Z = porosity parameter
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