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Abstract

A concise proof of abc conjecture of integer and n-term abc conjecture of integer is given in this paper. The essence of abc conjecture of integer
is to obtain the number of integer solutions to the abc equation when the abc equation has solutions. Firstly, the combinatorial approximation
method to compute the approximate number of integer solutions to linear Diophantine equation with integer subsets as solution set is presented.
Secondly, the approximate number of integer solutions to the abc equation was obtained by using combinatorial approximation method, thus
providing concise proof of abc conjecture of integer. Finally, the same idea and method is applied to n-term abc conjecture of integer and the

results we obtained are consistent with the conjecture.
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INTRODUCTION

The origin and results of the 3-term abc conjecture of
integer

The abcconjecture of integer was proposed in the 1980’s by J.
Oesterle and D.W. Masser''?. This simple statement implies a
lot of results and conjectures in number theory.

According to the fundamental theorem of arithmetic, any
integer n >2 can be written as a product of prime numbers:

n=pip,? - pt (1)

The radical (also called kernel or core)rad(n)ofnis the
product of the distinct primes dividing n:

rad(n) = pip, - pe @

abc conjecture of integer: Let € > 0 be a positive real number.
Then there is a constant C(€) such that, for any triple a,b,c of
coprime positive integers with a + b = ¢, the inequality

¢ < C(e)rad(abc)te 3)
holds.

Stewart, Tijdeman, and Yu Kunrui obtained some
unconditional results of abc conjecture in 198681 1991, and

2001, and they established the best-known estimate so far:

Theorem (Stewart-Yu Kunrui). There exists an absolute
constantksuch that any abctriple(a, b, ¢)satisfies

logc < KR%(log R)3 “4)

with R = rad(abc).
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Multivariate n-term abc conjecture of integer

In 1994, Browkin and Brzezinski® proposed the following
multivariate n-term abc conjecture of integer.

Multivariate n-term abc conjecture of integer: Given any
integern > 2and any € > 0, there exists a constant C,, .. For all
integers a,, a,,... ,apandgcd(ay, a,, -+, a,) = 1,and no proper
subsum of a; + a, + -+ a,, = Ois equal to 0, we have

Max(ay,ay, -, a,) < Cpe - (rad(a, - a - a,))2" 5% (5)

In 2002, Hu Peichu!” proposed the following multivariate n-
term abc conjecture of integer.

Multivariate n-term abc conjecture of integer: Given any
integern > 2 and any £ > 0, there exists a constant C,, .. For
all integers a4, a,,..., a, and gcd(a,,a,,++,a,) =1, and no
proper sub sum of a; +a, + -+ a, = Ois equal to 0, we
have

Max(ay,ay, -+, a,) < Cy - (rad(ay - az - a,))'+e (6)
into the abc

Whenn =3, the proposition degenerates
conjecture of integer.

Results

Because the essence of abcconjecture of integer is to obtain
the number of integer solutions to the equationa + b = cwhen
the equation a + b = c has solutions, combinatorial
approximation methods, and the density transformation
method can be employed to determine the number of integer
solutions to the Diophantine equationa + b = cwith countable
solution sets. By these methods, the following results can be
established.

Theorem 1 Let € > 0 be a positive real number. Then there is
a constant C(g) such that, for any triple a,b,c of coprime
positive integers with a + b = c, the inequality
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c < C(e)rad(abc)te
holds.

Theorem 2 Given any integern > 2and any & > 0, there
exists a constant C,.. For all integersa;,a;, ..,
a, and ged(ay, ay,-++,a,) =1, and no proper sub sum of
a, +a, + -+ a, = 0is equal to 0, we have

Max(ay, ay, -+, a,) < Cpe - (rad(ay - az -+ ay))'*e
into the abc

Whenn = 3, the proposition degenerates
conjecture of integer.

To prove theorem 1, theorem 2 and to obtain the number of
integer solutions of equationa+b =c anda; +a, + -+
a, = 0, it is necessary to study Lemmas 1-5.

For cases where the solution sets and the number of solution
sets of the variables in linear Diophantine equations are either
the same or different, we propose the approximate
combinatorial method, enumeration method, and density
transformation method to compute an approximate number of
integer solutions of the linear Diophantine equations whose
solution sets are integer subsets or sequences of integer
subsets.

Method and Proof of Lemma

Lemma

Why study linear Diophantine equations? More specifically,
why analyze the number of integer solutions of linear
Diophantine equations whose solution sets consist of
sequences of integer subsets?

1. The number of integer solutions to linear Diophantine
equations can be determined by combinatorial methods.

2. To find integer solutions to nonlinear or higher-order
Diophantine equations is very challenging, whereas
counting the number of integer solutions for linear
Diophantine equations is comparatively easier.

3. The problem of counting the number of integer solutions to
nonlinear or higher-order Diophantine equations can be
transformed into the problem of counting the number of
integer solutions to linear Diophantine equations whose
solution sets are integer subsets.

4. The enumeration method allows for straightforward listing
of all integer solutions of linear Diophantine equations
when the solution set is an integer sequence, or all of
integer solutions are expressed as numerical equations or
equalities.

5. Since all integer solutions of linear Diophantine equations
with solution sets formed by sequences of integer subsets
belong to the integer solutions of linear Diophantine
equations with integer sequences as solution sets, the
enumeration method likewise facilitates the straightforward
listing of all such solutions as numerical equations or
equalities.

6. By utilizing the enumeration method, it is straightforward
to list all local integer solutions, or all of equations or
equalities of local integer solutions of linear Diophantine
equations whose solution sets are sequences of integer
subsets. Specifically, linear Diophantine equations can
explicitly or concisely be represented by the numerical

equivalence relations within each local equation ( x; +
Xp+ -t x++x, =i (1<i <N)).

This section mainly discusses the number of integer solutions
to linear Diophantine equations whose countable solution sets
are given by integer sets or integer subsets (sequences). The
definitions and notations used herein are consistent with those
in reference [8].

Lemma 1 presents the number of integer solutions of linear
Diophantine equations with integer set sequence as the solution
set. Lemma 2 provides the approximate number of integer
solutions of linear Diophantine equations with integer set
sequence as the solution set. Lemma 3 provides the
approximate number of integer solutions of linear Diophantine
equations when the solution sets and the number of the
solution sets of variables are either the same or different.
Lemma 4 and Lemma 5 present the properties of general linear
Diophantine equations when transformed into standard linear
Diophantine equations.

LemmalLet NS =N (1,1, -1 N)be the number of integer
——

m
solutions of the standard linear Diophantine equation

xl+x2+"'+xl’+"‘+xm:N

The number of integer solutions is well known as

NS = N<1,1,n-1--,1;N> = (2’1: 1) =

1 NWN-DW-=2)-(N-(m—-1))
T (m-1)! N

For any non-negative integer N, the solution set isx; =
{1,2,3,---, N}, and the number of the solution set is |x;| = N.

Lemma 2Let NS = N (1,1, -1 N) be the number of integer

m
solutions of the standard linear Diophantine equation

Xy +x,+ - +x++x,=N
then the approximate number of integer solutions to the

equation is

1

NS=N(11,-1;N|=————NM™+O(N™2

(_«—/ ) (m—-1I!N ( )
m

For any non-negative integer N, the solution set is x; =

{1,2,3,---, N}, and the number of the solution set is |x;| = N.

Lemma 3Let NS = N (1,1, -1 N) be the number of integer

m
solutionsof the standard linear Diophantine equation

x1+x2+---+xi+---+xm=N

then the approximate number of integer solutions to the
equation is
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NS =N (1,1,---,1;N> =
N
m

: x| + O(N™2)

WN'lele

For any non-negative integer N, the solution set is x; C
{1,2,3, -+, N}, the solution set can be x; # x;, and the number

of the solution set is |x;| < N, it can be |x;| # |xj|.

Lemma 4 The number of integer solutions of equation x; +
X, £+ x;+ -+ x, = Nis equal to the number of integer
solutions of equation x; + x, + -+ x; + -+ x,,, = N.
Lemma 5 The number of integer solutions of equation x; +
X, + -+ x; -+ x, =0is equal to the number of integer

solutions of equation x; + x, + -+ x; + -+ x, = N.

Proof of the Lemma

LemmalLet NS =N (1,1, -1 N) be the number of integer

m
solutions of the standard linear Diophantine equation

x1+x2+---+xi+---+xm=N

The number of integer solutions is well known as

— U — N-1 — rm—1
NS—N(l,l,m ,1,N>— (m—1)_CN—1

1 NW-DWN-2)-(N-(m-1)
T (m-1)! N

For any non-negative integerN, the solution
{1,2,3, -+, N}, the number of the solution set |x;| = N

setx; =

Proof

We consider the number of integer solutions of the linear
Diophantine equation where the solution set is an integer set or
a sequence of integer set, and a countable solution set. The
combinatorial method and the enumeration method are applied.

Combinatorial Method

Let NS=N (1,1, -1 N) be the number of integer solutions

m
of the linear Diophantine equation

X, +x, ot x o x, =N (7

It is well known that the number of integer solutions is'’

_ . _ (N+m-1
NS—N<1,1.m .1,N>— CrmiY) =g ®

For any non-negative integer N, the solution set isx; =
{1,2,3,---, N}, and the number of the solution set is |x;| = N
Substitute x; — 1 = y; into equation (7) to obtain

ity +ot+yitty, =N-m )

The number of integer solutions of equation (9) is

— U — N-1 — rm—1
NS =N (1,1, ,1,N> = () 1) =csao

m

The number of integer solutions of equation (9) is equal to the
number of integer solutions of equation (7)

m-1 m—1 N+m-1 _ N-1
m+N-1" N10r( m—1 )(m—l) (11)
According to combinatorial relations, we have

cr ——C L or GRS =TGR (12)

CN' —CLy = Cl’\}:l (13)

Equation (13) presents there cursive relation between the m-
dimensional linear Diophantine equation (x; + x, + -+ + x; +
-+ X, = N) and the (m — 1)-dimensional linear Diophantine
equation (x; + x5 + -+ x; + -+ x,,_1 = N). This equation
(13) also provides the recursive relation between the
heightNlinear Diophantine equation (x; + x, + -+ x; + ==+ +
Xm =N) and the height (N —1)linear Diophantine
equation (x; + x, + -+ x; + -+ x, =N —1). Equation
(13) can be used, based on height N and dimensionm,to prove
the number of integer solutions of the linear Diophantine
equation by mathematical induction.

Local-Global Principle

The number of integer solutions of equation (7) is denoted as

NS =N (1,1,~~,1;1v> - (3’1: 1) -l =

m
1 NWN-1)(N-2)-(N-(m-1))
(m-1)! N

(14)

The product%N(N —1DN-=2)- (N —(m-— 1)) in the
formula CJ* — Ci*, = C{*1, represents the total number of
integer solutions of the equation in m dimensions.

1 N(N-1)(N- 2) (N-(m-1))

In the product , the product —N (N -

DN —2) - (N (m— 1)) is divided byN, therefore for
eachN (N =1,2,--+,i,--+,N), if the local equation x; + x, +
“+x; + -+ x,;, =i (1 £i< N)) haveor not solutions, then
the global equation x; + x, + -+ x; + -+ + x,,, = N also has
or not solutions, and vice versa.

Enumeration Method

Linear Diophantine equations can provide clear or concise
numerical equivalence relations in each local equation
g +x++x;++x, =i (1 <i <N)).

In linear Diophantine equation xq + x5 + ==« +x; + -+ + x;,, =
N, whenm = 3, the equation is transformed into x; + x, +
X3 = N.

According to Lemma 5, the number of integer solutions to the
equation x; + x, + x3 = N is equal to the number of integer
solutions to the equation x; + x, + x5 = 0.
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According to Lemma 4, the number of integer solutions to the
equation x; + x, + x5 = 0is equal to the number of integer
solutions to the equation x; + x, — x3 = 0 or x; + X, = X3.

Now, consider the enumeration method to list the integer
solutions of linear Diophantine equations with a countable
solution set.

From the above, when m = 3, the number of integer solutions
to the equation X1+ Xy = X30r Xy + X, +x3 = Nis equal

Table 1 below shows the total number of integer solutions of
the 3D equationx; + x, = x3 where x; < 10.

Proof
Combinatorial approximation method

According to lemma 1, the equation x; +x, + -+ x; + -+
m = N has the solution set x; ={1,2,3,---,N}, and the
number of the solution set is [x;| = N

The number of integer solutions for this equation is CJ* —
In the formulaCyt—Cy, =C{> , m is finite and
relatively N very small; N is very large and infinite.

The formula CJ* — CJ, = Citis

Table 1. Total number of integer solutions of the 3D equation x; + x, = x3where x; < 10

X+ X =%x3 | 2 3 4 6 7 8 9 10 O
1 1+1=2 2+1=3 3+1=4 4+1=5 5+1=6 6+1=7 7+1=8 8+1=9 9+1=10
2 142=3  242=4  342=5 442=6  5+2=7 6+2=8  7+2=9  8+2=10
3 143=4  243=5  343=6  443=7  543=8  6+3=9  7+3=10
4 1+4=5 2+4=6 3+4=7 4+4=8 5+4=9 6+4=10
5 145=6  245=7  3+5=8  4+5=9  5+5=10
6 1+6=7 2+6=8 3+6=9 4+6=10
7 1+7=8 2+7=9 3+7=10
8 1+8=9  2+8=10
9 1+9=10
10
X
x, =1{12,3,---,10},x, = {1,2,3,-:-,10} and NN-1)--(N-(m-1))  (N-1)(N-2)--(N-m) _ (N—=1)(N—2)--(N—(m—1))

x3 = {1;2;3; o ’10}

The number of integer solutions to the equation x; + x, =
X3 is equal to

_ (N-1)(N-2)

Cii=Cia = 20 (15)

When N < 10, as shown in Table 1.

When m = 2, the number of integer solutions to the equation
X; + x, = N is equal to

WWN-1)  N-1H(N-2) _
CR = CR1= 21 21

is indicated by the diagonal line in Table 1.

Lemma 1 is proved.

Lemma2Let NS =N (1,1, -1 N) be the number of integer
m

solutions of the linear Diophantine equation
x1+x2+“'+xi+'~+xm =N

the approximate number of integer solutions for the equation is

1
NS=N(L11-,1;N|=—==N™+ O(N™2
( - ) DN +0( )

For any non-negative integer N, the solution set is

x; ={1,23,
lx;| = N

,N}, and the number of the solution set is

= (17)

m! m! (m-1)!

We make the following approximation N(N — 1) (N —
(m—1)=N"+0(N™1), W-1DN=-2)(N-m)=
(N=1)™+0(N™YHand N-DWN-2)(N-(m-1)=
Nm=1 4 g(N™-2),

Obtain

N (v=p™ N0 m—2

m! m (m-1)! + O(N ) (18)

Local-Global Principle

The number of solutions to equation (7) is denoted by

—+0(Nm 2) (19)

NS = N(l,l,---,l;N) L
_— (m-1)! N

m

The product—m the above formula (18) is the total number
of solutions for the m-dimensional equation.

m m
In %, the productljn—| is divided by N, therefore for each
NN =12,--,i,--+,N), if the local equationx; + x, + --- +
X;+ -+ x, =i(1 <i<N) have or not solutions, then the
global equation x; + x, + -+ x; + -+ x,,, = N also has or
not solutions, and vice versa.

Enumeration Method

Equation x; + x, = x3 has the solution setx; = x, = x3 =
{1,2,3,-++, N}, and the number of solution set is |x;| = |x,|
|[x3] = N, and the density of the solution set is d; = d,
d3 = 1.
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Table 2. Total number of solutions of the 3D equationx; + x, = x3 where x; < 10

X;+x,=x3 |1 2 3 4 5 6 7 8 9 10 x4
1 1+1=2 2+1=3 3+1=4 4+1=5 5+1=6 6+1=7 T+1=8 8+1=9 9+1=10
2 1+2=3 2+2=4 3+2=5 442=6 5+2=7 6+2=8 7+2=9 8§+2=10 9+2=11
3 1+3=4 2+3=5 3+3=6 4+3=7 5+3=8 6+3=9 7+3=10 8+3=11 9+3=12
4 1+4=5 2+4=6 3+4=7 4+4=8 5+4=9 6+4=10 7+4=11 8+4=12 9+4=13
5 1+5=6 2+5=7 3+5=8 4+5=9 5+5=10 6+5=11 7+5=12 &+5=13 9+5=14
6 1+6=7 2+6=8 3+6=9 4+6=10 5+6=11 6+6=12 7+6=13 8+6=14 9+6=15
7 1+7=8 2+7=9 3+7=10 4+7=11 5+7=12 6+7=13 7+7=14 8+7=15 9+7=16
8 1+8=9 2+8=10 3+8=11 4+8=12 5+8=13 6+8=14 7+8=15 8+8=16 9+8=17
9 1+9=10 2+9=11 349=12 4+9=13 5+9=14 6+9=15 7+9=16 8+9=17 9+9=18
10
X2

Table 2 lists the total number of solutions for the 3D
equationx; + x, = x5 satisfies x; < 10.

x ={1,23,,10}, x, = {1,2,3,-,10} and
x; = {1,2,3,,10}

When m =3, the number of integer solutions of the
equation x; + X, = x30rx; + x, + x3 = Nis equal to NS ~
NZ

2!

When m =2, the number of integer solutions of the
equation x; + x, = N is equal to

2 _1\2
NS ~ 1\2’—] - (NTH ~ %N 1. Shown by the diagonal line in Table

The proof of Lemma 2 is completed.

Lemma 3 Let NS = N<1,1,~~,1;N> denote the number of

m
integer solutions of the linear Diophantine equation

x1+x2+---+xi+---+xm=N

and the approximate number of integer solutions to the
equation is

1 1
NS = N<1,1.--~,1:N> = Wﬁlxﬂlle x| + O(N™2)

m

For any non-negative integerN, the solution set is x; C
{1,2,3, -+, N}, the solution set can be x; # x;, and the number

of the solution sets is |x;| < N,and it can be|x;| # |x]-|.
Proof
Combinatorial approximation method

According to lemma 2, the equation x; + x5 + -+ + x; + - +
X, = Nhas the solution setx; ={1,2,3,---,N} , and the
number of the solution set is |x;| = N, for the equationx; +
Xy + o+ x; + -+ x,, =N, has the following approximate
number of integer solutions:

N (N-p™

= = ; (m-1) m-2
NS =~ SV HOWNTT)(20)
We rewrite the above expression as
ME_WDR_ L _Lymy g(Nme?) @1

m! m (m-1)!N

The solution set is x; € {1,2,3,--+, N}and it can be x; # Xj, and

the number of the solution set is |x;| < N, and it can be |x;| #

, and the density of the solution set is d; = %

|x]-

The above expression (21) multiplied by the density (d; - d; -

-+ d; * -+ d,y) of the solution sets
(dy - dy o d) {5 = T2 ~ st (d - dp e d)N™ (22)
Left side = (dl'N)(dzT'rllV!)“‘(dm'N) _ (dl'N_dl)(dZ'NT_n!dZ)“'(dm'N_dm) (23)
Since 0 < d; < 1, we make the following approximation
(dyN—dy)(dy*N— dy)(dp N —dyp)~(dy - N —
)(dy,*N—-1)--(dp, "N —1).
The above formula can be approximated as
1. (@1N)(dp'N)--(dm'N) _ (di'N-1)(dp'N-1)--(dm'N—1)
Left side= ~— — - —
Left side= lxqllxz|lxm|  (x1l-D(xz|-1)-(xm|-1)
m! m!
nght side = (m-DIN (dl dz dm)N (m-1IN (dl
N)(dy - N) - (dy - N)
. . 1 1
Right side= DTN [ [1s] - | %]
Left side = Right side
[xallxz]lxm| _ (2a|-1)(xz|=D(xm|-1) _
1 m! 1 m!
o v xallxel - x| + O(N™2) (24)

Consider the non-uniform distribution of the number of integer
solutions caused by the combination of density d; in each m

dimension with N change, and then is modified

1
(m-1)!
toc(m,d;). c(m,d;)can be obtained through calculation
based on precision; that is

N<1,1,---,1;N>— L2 xg x| o] =
m

T (m-1)! N

c(m, dy)~ 12 [l -+ | + O(N™2) (25)
Local-Global Principle

The number of integer solutions of equation (7) is

1 1 —
NS =N (1,1, 1 N) = Xl - ] + OV (26)

m
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lx1l1x2]-[xm|

The product in the above formula (24) is the total

number of integer solutions in dimension m.
In —lxlllfvz;.,'lxml, the product —lellx;l;--lxml is divided by N,
N(N =1,2,--,i,---,N ), if the local equation x; + x, + -+ +
X+ -+ x, =i(1<i<N) have or not solutions, then the

global equation x; + x, + -+ x; + -+ + x,,, = N also has or
not solutions, and vice versa.

Enumeration Method

Example 1. Prime number

Solution setp = {2,3, 5,--,p;,**,N}, p; <N, the number
of prime solution sets is |p| = %, and the density of the prime
solution sets isd; =d, = —_ The approximate number of

InN’
integer solutions of theequation p; +p, =NisNS ~
Ip1l-1p2| - 0.62N . . . . .
= G (including duplicate solutions). For details

on Goldbach’s conjecture and the number of integer solutions
of Goldbach’s equation p; + p, = N, please see reference [8].

Table 3. Total number of integer solutions of 2D equation p; +
p2 = N where N < 10

py+p, =N 2 3 5 7 j 2
2 2+2=4
3 3+3=6 5+3=8 7+3=10
5 3+5=8 5+5=10 7+5=12
7 3+7=10 5+7=12 T+7=14
P2

xi = {2131 5;"':pi;"';N} c {1;2ﬁ35"'JN}:|xl‘| S N = 10

Example 2. Residue class

In the equation a;x; + ayx, + -+ a;x; + -+ apx, =N,
the solution set of the residue class is a;x; = {a;-1,q; -
2, e, gt k, ,N}

By substitution a;x; = y;,
we canobtainy, +y, + -+ y; +--+y, =N

Solution sety;isa;x; ={a;-1,a;-2,...,a; - k, ..., N},
therefore a; - k < N, and the number of the solution set

. N
18 Iaixil = a—i.

In the equation x; + 2x, = X3, the solution sets x;,2x, and
X3 are
x, =x3 ={1,2,3,+,k,-+,N}
2x, ={2,4,-,2k,---,N}

The number of the solution set |x;| = |x3] = N, |2x,| = %

The number of integer solutions to the equation x; + 2x, = x5
is

lq 122513 _ N-

N

— 2

2N _ N
2IN 2N 4"

NS ~

x; €{1,2,3,+,N}, x; # x, |x;| # |x;], |x;| < N =10
Density Transformation Method

We now discuss the density transformation of linear
Diophantine equations whose solution set is an integer subset.

Let ay,a;,....ay, be  positive  integers to  satisfy
gecd(ay,az, -, a,,) =1. In addition, let
NS = N(ay,ay, -, amy; N) be the number of integer solutions
of the equation

a1 X1 + arx; + -+ aix; + 0+ apxy, =N 27)
For non-negative integers Xxq,Xo,....X;,. According to Schur's

theorem, the approximate number of integer solutions of
equation (27) is

Nm-1

(m-1)l-a;-a,

NS = N(ay,ay, -, am; N) = +O0(N™2) 28)

..... a
For non-negative integersN, provided thatNis sufficiently
large, especially when there exists an integerN;such that
eachN > N, has at least one representation .

Equation X +x,++xi++x, =N (29)
Non-negative integers X;,X,,...,X;n, and the solution sets are
integer subsets.

X = {(ai)ll (ai)Z! (ai)S! )N} c {112:3; ,N}(l < i < m)>
and can be x; # x;. When (a;), < N, and the density of the

i

solution set is d; = ~ and the number of the solution set is

|Xi|=di'NSN.

Transform x; = % - y;, the solution set

isy; ={1,2,3,:-, N}(1 < i < m)is the integer set.
1 1 1 1
d—i-yi = {d_L 1’d_L 2, -
{1,2, 3,--,k,---,N}, and the number of the solution set
. 1

is |d—1 Vi

d;, and there are

Solution set

=d; - N < N, the solution set is % - ¥;, the density is
13

Table 4. Total number of integer solutions of the equation x; + 2x, = x3, wherex; 3 < 10,2x, < 10

Xy +2x, =x3 1 2 3 4 5 6 7 8 9 10 x4
2 142=3 2+2=4 3+2=5 4+2=6 5+2=7 6+2=8 7+2=9 8§+2=10 9+2=11

4 1+4=5 2+4=6 3+4=7 4+4=8 5+4=9 6+4=10 7+4=11 8+4=12 9+4=13

6 1+6=7 2+6=8 3+6=9 4+6=10 5+6=11 6+6=12 7+6=13 8+6=14 9+6=15

8 1+8=9 24+8=10 3+8=11 4+8=12 5+8=13 6+8=14 7+8=15 8+8=16 9+8=17

10

2x,
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1 1 1 1

i

(30)

According to formula (28), the approximate number of integer
solutions of equation (30) is

1 1

NS = N( L.
dq dy
(dm - N)+O0(N™2)

izv) = %ﬁ(dl “N)(dy - N) - .-
(31)

where d;-N = |x;|. The approximate number of integer
solutions of equation (30) is also

NS = [x1] |22 |%m| + O(Nm—Z)

N-(m—1)! (32)
Lemma 3 is proved.

For further discussion on the cases of unequal density d; - N =
|x;| and applications, see reference [8, 10, 11].

Lemma 4 The number of integer solutions of the equation
X xx, -+ x; -+t x,, =N is equal to the number of
integer solutions of the equation x; + x, + -+ x; + -+
Xm = N.

Proof

Combinatorial approximation method

In the equation x; + x, + -+ x; + -+ x,, = N, (33)
By substituting x; = y;,+x; = y;(2 < i <m)
we can obtain y; +y, + -+ y; + -+ 3y, =N. (34)

When x;, y;(1<i<m)c{123,,k,-,N}, the solution

set of negative integers is —x; ¢ {—1,—-2,-3,--+,—k,---,—N},
and when —N < —k < —1, the number of the solution set is
lxi | = 1yl 1=xi] = x| = |yl 2 < i < m).

According to lemma 3, the approximate number of integer
solutions of equation (33) can be expressed as

NS~c [xq|-]2x2]|Foxm| ~c [x1|-1x2]-1%m | + O(Nm_z)

N-(m-1)! N-(m-1)! (35)

According to lemma 3, the approximate number of integer
solutions of equation (34) can be expressed as

- |J’1|'|J/2|"'|Ym|~ [x1]-1x2] - [xm] m—2
NS~c N-(m-1)! ¢ N-(m-1)! +0(N )

(36)
When x;, y;(1<i<m)={123,,k,---,N}, the solution
set of negative integers is —x; = {—1,—-2,-3,--+,—k,---, =N},
and when —N < —k < —1, the number of the solution set is
lxi| =1yl =N, |=x| = x| =yl =NQR < i <m).

According to lemma 2, the approximate number of integer
solutions of equation (33) can be expressed as

B N Y N 20 22 0 ) I e m-2
NS~ o " Nt S FONTT) (BT

According to lemma 2, the approximate number of integer
solutions of equation (34) can be expressed as

- |Y1|'|YZ|“'|J/m|~ |x1|~|x2|--~|xm|~ Nm-1 m-2
NS~c N-(m-1)! ¢ N-(m-1)! C(m—l)!+0(N ) (38)

The number of integer solutions of equation (33) is equal to the
number of integer solutions of equation (34).

Proof of Lemma 4 is completed.

Lemma 5 The number of integer solutions of equation
Xy tx,+--+x;+--+x, =0is equal to the number of
integer solutions of equationx; + Xy + -+ x; + -+ X, =
N.

Proof

Combinatorial approximation method

Equation x; +x,+-tx;+%x,=0 (39)
becomes x; tx, +--tx;t-tx, +N=N (40)
By substitutionx; + N = y;and + x; = y;(2 < i <m)

we can obtain  y; +y, + -+ y; + -+ y, =N. 41)

Since N is a constant; therefore, it is not included the number
of the solution set. The number of solution set |x; + N| is only
regarded as |x; + N|=[x,| = [y4].

When x;, y;(1<i<m)c {123,k --,N}, the solution
set of negative integers is —x; = {—1,—2,-3,-+,—k,---,—N},
and when —N < —k < —1, the number of the solution set is
|=x;| = |x;| = |y;|(2 < i <m).

According to lemma 3, the approximate number of integer
solutions of equation (39) can be expressed as

NS ~ ¢t bl ool | me2y
N-(m-1)! N-(m-1)!

(42)

According to lemma 3, the approximate number of integer
solutions of equation (41) can be expressed as

o o valyallyml | lxallxa]xml m-2
NS ¢ N-(m-1)! ¢ N-(m-1)! +0(N )

(43)
Since N is a constant; therefore, it is not included the number
of the solution set. The number of solution set |x; + N| is only
regarded as|x; + N|=|x;| = |y;| = N.

When x;, y;(1<i<m)={123,-,k,--,N}, the solution
set of negative integers is —x; = {—1,-2,-3,---,—k,--,—N},
and when —N < —k < —1, the number of the solution set is
[=x;| = Ix;| =yl =N@2 < i <m).

According to lemma 2, the approximate number of integer
solutions of equation (39) can be expressed as

P i Y e Y WO o .2 Y i 1 B

NS N-(m-1)!

m-1

m—2
N-(m-1)! (m-1)! + O(N ) (44)
According to lemma 2, the approximate number of integer
solutions of equation (41) can be expressed as

N [y1l-ly2l-|yml - [x1 ][22 |Xm | - Nm-1 m-2
NS ¢ N-(m-1)! ¢ N-(m-1)! ¢ (m-1)! + O(N ) (45)




1247

International Journal of Science Academic Research, Vol. 07, Issue 08, pp.1240-1249, August 2026

The number of integer solutions of equationx; + x, + -+ x; + -+ x;,,, = 0 is equal to the number of integer solutions of

equation x; + x, + -+ x; + -+ x,, = N.
Proof of Lemma 5 is completed.

Enumeration Method of Lemma 4 and Lemma 5

Table 5. Total number of integer solutions of the 3D equation x; — x, = x3 where x; < 10

X;— X, =X3 | 2 3 4 5 6 7 8 9 10 x4
1 I-1=0 2-1=1 3-1=2 4-1=3 5-1=4 6-1=5 7-1=6 8-1=7 9-1=8
2 2-2=0 3-2=1 4-2=2 5-2=3 6-2=4 7-2=5 8-2=6 9-2=7
3 3-3=0 4-3=1 5-3=2 6-3=3 7-3=4 8-3=5 9-3=6
4 4-4=0 5-4=1 6-4=2 7-4=3 8-4=4 9-4=5
5 5-5=0 6-5=1 7-5=2 8-5=3 9-5=4
6 6-6=0 7-6=1 8-6=2 9-6=3
7 7-7=0  8-7=1 9-7=2
8 8-8=0 9-8=1
9 9-9=0
10
X3

For globe

forx; —x, =N (N = k = 0), see total number in Table 5.
forx; + x, = N (0 < k < N), see total number in Table 1.

For local

For x; — x, = k, see diagonal at k in Table 5.

For x; + x, = N — k, see diagonal at N — k in Table 1.

For other applications and validations of the approximate
combinatorial method, see reference [8, 10, 11].

Proof of Theorem 1 and Theorem 2
The proof of abc conjecture of integer

Theorem 1 Let € > 0 be a positive real number. Then there is
a constant C(g) such that, for any triple a,b,c of coprime
positive integers with a + b = c, the inequality

c < C(&)rad(abc)'*e
holds.

Proof

RecallLemma3. When m = 3, the equation x; + x, + -+
x; +-++x, =Nchange into x;+x,+x3=N. The
approximate number of integer solutions to the equationx; +
Xy +x3 =Nis

Ns = Ealatisl 4 o) (46)
In the abc conjecture of integer, satisfiesa + b = c, that is, the

equationa + b = chas solutions, and the number of integer
solutions of the equationa + b = cis more than or equal to 1.

According to lemma 4, the number of integer solutions of the
equation a + b = c is equal tothe number of integer solutions
of the equationa + b + ¢ = 0.

According to lemma 5, the number of integer solutions of
equationa +b +c =01is equal to the number of integer
solutions of the equationa+b+c=N, whereN =
Max(a, b, c)is an integer constant.

Transform the equationa + b = c into

a+b+c=N. 47)

In order to compute the number of integer solutions of the
equation (47), in the equation x; + x, + x3 = N, when x; =
a,x, =band x; = c, the approximate number of integer
solutions to the equationa + b + ¢ = Nis

|x1l-1x2|-1x3] _ |al|blc]|
2!N 2lc

NS ~

+0(c) (48)

Let’s analyze the solution set and the number of solution set
fora,bandcfrom the following two situations.

1) When the solution set a,b and c are the set of integers, that
is, the integera,bandcare not decomposed into the product of
prime numbers.

The set a,b,or,c ={1,2, 3,-,j,--,N}is the set of all
integer.

Whena < N,b < Nandc < N, the number of the solution set
is |a|=N,|b|=N and |c|=N. We have the approximate number
of integer solutions to the equationa + b +c = N

NS ~ Llalxibixic] _ 1 NxNxN _ rad(a)rad(b)rad(c) _
2/ N T2/ N 21N B
rad(abc) - k-rad(abc) >1 (49)
2lc ¢
1+¢&
Else k~(rad(cczbc)) > k.radc(abc) >1 (50)
ok (rad(abC))HE > ¢ (51)

2) When the solution setsa,bandcare decomposed into the
product form of primes, the solution setsa,b and c are
following form.

a,b,or,c = pyipy? - p.t (52)
The number |al|,|b| and |c| of solution
sets a,b and c is|al,|b| or [c|=rad(a, b, or,c) = p1p, - Ps.

Let’s look at the following example a, b, or,c < N.
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For example, a = 23 < 8, the number of solution sets is |a| =
rad(2%) = 2, and the solution setisa = {1,  2}.

For example, a = 32 < 9, the number of solution sets is |a| =
rad(3%) = 3, and the solution setisa = {1, 2, 3}.

For example, a = 2332 < 72, the number of solution set
islal =rad(2®-3?)=2-3=6, and the solution set
isa={1-1, 1-2, 1-3; 2-1, 2-2, 2 -3}

The function rad(n) has two functions. First, the power of the
function rad(a, b, or,c) = p1p, **p; does not affect the
number of solution set. Second, the function rad(n)is a
multiplicative function that acts as a combinatorial product.

The functionrad(a,b,or,c) = pyp, - psis the number of
solution set.

The set {p1p, - P¢|p1p2 -+ P = rad(a, b, or, c)} is a subset of
all integers {1,2, -+, N}.

{p102 - Pelp1p2 - P = rad(a, b, or, c)}
c {pfipgz ---p?tlpfipgz
c{12,-,N}
Whena < N,b < Nandc < N, the number of solution set
islal=rad(a) = p1p -+ pr. |bl=rad(b) = p,pz - pe,
and |c|=rad(c) = p1pz -+ Pe-

a,
p.  =ab,or, c}

The equationa + b = c in the abc conjecture has solutions.
We have the approximate number of solutions to equation a +
b+c=N

1 |a|x|b|x|c| _ rad(a)rad(b)rad(c) _ rad(abc) _ k-rad(abc) >

NS ~ 2/ N 2I'N 2lc c = (53)
1+
Else kA(rad(tczbc)) > k-radc(abc) >1 (54)
1+e
Or k- (rad(abc)) >c (55)

Where k = ZL/ The denominator ¢ can be understood as
height.

The quantityeis an adjustment to the approximate solutionNSin
above.

Proof is completed.

Similarly, multivariate n-term abc conjecture of integer can be
proven.

The proof of n-term abc conjecture of integer

Theorem 2 Given any integern > 2and any € > 0, there exists
a constant C,.. For all integersa;,a,, ..,
a, and gcd(a,,a,,++,a,) =1, and no proper subsum of
a; +a, + -+ a, = 0is equal to 0, we have

Max(ay,ay, -+, a,) < Cp e - (rad(ay - az -+ ay))**e

Whenn = 3, the proposition degenerates into the abc

conjecture of integer.
Proof

In the n-term abc conjecture of integer, satisfies a, + a, +
-+ a, = 0, that is, the equation a; + a, + -+ a, = 0 has

solutions, and the number of solutions to the equation a, +
a, + -+ a, = 0 is more than or equal to 1.

According to the transformation of the equation in lemma 4
and lemma 5, we only need to compute the number of
solutions to the equation
a1+a2+"'+an=N (56)

Let's analyze the solution set and the number of solution sets
for a; from the following two situations.

1) When the solution set a; is the set of integers, that is, the
integera;is not decomposed into the product of prime numbers.

a;={1,2, 3,-,j,-,N}
When j < N, the number of solution set is |a;|=N. We have an
approximate number of integer solutions of the equation

a1+a2+"‘+an=N,

where N = Max(|aq|, |las], -+, la,]),

1 lai|X|az|x:-X|an|
NS ~ 1 2 n —
(n-1)! Max(layllazl lanl)
1 rad(ay)rad(ay)--rad(an) _ 1 rad(aiaz--ay)
(n-1)!  Max(laillazl, lanl) (n-1)! Max(lasllazl,, lanl)
k-rad(aiaz--an) (57)
Max(lasllazl -, lanl) —
1+e
k-(rad(aqay---an) k-rad(aiaz--a
Else lrad@azan) Gatevdn) > g (s8)
Max(lasllazl lanl) = Max(laillazl+, lanl)

1+
ork- (rad(a1a2 an)) £ > Max(la,|, |azl, -+, la,[)(59)

2) When the solution setsa;are decomposed into the product
form of primes, the solution sets a; are following form.

a; = pipy? o pgt (60)

The number of solution setsa;is |a;|=rad(a;) = p1p2 - b:-

We have the approximate number of integer solutions of
equationa; + a, ++--+a, =N,

where N = Max(|a4], |a,], -+, |a,]),

NS ~ 1 laq|x|az|x--X|a,| _ 1 rad(ai)-rad(az): rad(an)z
(m-D!Max(lasllazl lagl)  (-1)! Max(laillazl - laal)
1 rad(a,a,---an) - k-rad(a;a,--ay) >1 (61)
(m-D!'Max(layllazl - lanl)  Max(lasllazl lanl)
k»(ra.d(ala.z---a-,l))”‘E k-rad(aiaz-an)
Else > >1 (62)
Max(laillazl, lanl) — Max(lasllazl-. lanl)

1+
Ork - (rad(a1a2 ---an)) £ > Max(|la,l,lazl, -+, la,|) (63)

Where k = ;, and the
(n-1)!

denominator Max(|a,|, |a,|,-=-, |a,|)can be understood as
height.

Proof is completed.

From above discussion, we can see that the larger the number
of dimensionsm or n, the greater the number of solutions of
the equation.
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Nevanlinna theory deals with the growth of zeros and poles
(roots or solution sets) of meromorphic functions. According
to Vojta's conjecture, there is a corresponding (similar)
relationship between Nevanlinna theory in function fields and
the abc conjecture in number fields (including integers). Since
the general Fermat conjecture can be derived from the abc
conjecture and also concerns the number of zeros (roots or
solutions) of equations, Nevanlinna theory, the abc conjecture,
Vojta's conjecture, and the general Fermat conjecture all those
problems are the same class of problems related to the number
of zeros (roots or solutions) of equations.

This article presents an approximate combinatorial method for
estimating the number of integer solutions to general
Diophantine equations with countable solution sets. The
applicable countable solution sets include integers, rational
numbers, prime numbers, algebraic numbers, polynomials,
algebraic number fields, and function fields. Some problems
can also be transformed into counting number of solutions of
equations. For applications of this method in other areas, such
as the essence and number of solutions of the abc conjecture
for algebraic numbers, polynomials, algebraic number fields,
and function fields, the number of solutions to the general
Fermat conjecture, and so forth, please refer to the reference

[8].
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