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Abstract 
 

A concise proof of abc conjecture of integer and n-term abc conjecture of integer is given in this paper. The essence of abc conjecture of integer 
is to obtain the number of integer solutions to the abc equation when the abc equation has solutions. Firstly, the combinatorial approximation 
method to compute the approximate number of integer solutions to linear Diophantine equation with integer subsets as solution set is presented. 
Secondly, the approximate number of integer solutions to the abc equation was obtained by using combinatorial approximation method, thus 
providing concise proof of abc conjecture of integer. Finally, the same idea and method is applied to n-term abc conjecture of integer and the 
results we obtained are consistent with the conjecture. 
 

Keywords: 𝑎𝑏𝑐 conjecture of integer, n-term abc conjecture of integer, Combinatorial approximation method, Linear Diophantine equation, Number of solutions, 
Set of solutions, Subset of integer. 
. 
 

	
INTRODUCTION 

 
The origin and results of the 3‐term 𝒂𝒃𝒄 conjecture of 
integer  
 
The 𝑎𝑏𝑐conjecture of integer was proposed in the 1980’s by J. 
Oesterle and D.W. Masser[1,2]. This simple statement implies a 
lot of results and conjectures in number theory. 
 
According to the fundamental theorem of arithmetic, any 
integer 𝑛 ≥2 can be written as a product of prime numbers: 
 
𝑛 ൌ 𝑝ଵ

௔భ𝑝ଶ
௔మ ⋯𝑝௧

௔೟                                                                             (1) 
 
The radical (also called kernel or core)𝑟𝑎𝑑ሺ𝑛ሻof𝑛is the 
product of the distinct primes dividing 𝑛: 
 
𝑟𝑎𝑑ሺ𝑛ሻ ൌ 𝑝ଵ𝑝ଶ ⋯𝑝௧                                                                       (2) 
 
𝑎𝑏𝑐 conjecture of integer: Let 𝜀 ൐ 0 be a positive real number. 
Then there is a constant 𝐶ሺ𝜀ሻ such that, for any triple 𝑎,𝑏,𝑐 of 
coprime positive integers with 𝑎 ൅ 𝑏 ൌ 𝑐, the inequality  
 
𝑐 ൑ 𝐶ሺ𝜀ሻ𝑟𝑎𝑑ሺ𝑎𝑏𝑐ሻଵାఌ                                                                   (3) 
holds. 
 
Stewart, Tijdeman, and Yu Kunrui obtained some 
unconditional results of 𝑎𝑏𝑐 conjecture in 1986[3], 1991[4], and 
2001[5], and they established the best-known estimate so far: 
 
Theorem (Stewart-Yu Kunrui). There exists an absolute 
constant𝜅such that any 𝑎𝑏𝑐tripleሺ𝑎, 𝑏, 𝑐ሻsatisfies 
 

𝑙𝑜𝑔 𝑐 ൑ 𝜅𝑅
భ
యሺ𝑙𝑜𝑔 𝑅ሻଷ                                                                      (4) 

 
with 𝑅 ൌ 𝑟𝑎𝑑ሺ𝑎𝑏𝑐ሻ. 
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Multivariate 𝒏‐term 𝒂𝒃𝒄 conjecture of integer 
 
In 1994, Browkin and Brzezinski[6] proposed the following 
multivariate 𝑛-term 𝑎𝑏𝑐 conjecture of integer. 
 
Multivariate 𝑛-term 𝑎𝑏𝑐 conjecture of integer: Given any 
integer𝑛 ൐ 2and any 𝜀 ൐ 0, there exists a constant 𝐶௡,ఌ. For all 
integers 𝑎ଵ,𝑎ଶ,... ,𝑎௡and𝑔𝑐𝑑ሺ𝑎ଵ,𝑎ଶ,⋯ ,𝑎௡ሻ ൌ 1,and no proper 
subsum of 𝑎ଵ ൅ 𝑎ଶ ൅ ⋯൅ 𝑎௡ ൌ 0is equal to 0, we have 
 
𝑀𝑎𝑥ሺ𝑎ଵ,𝑎ଶ,⋯ ,𝑎௡ሻ ൑ 𝐶௡,ఌ ⋅ ሺ𝑟𝑎𝑑ሺ𝑎ଵ ⋅ 𝑎ଶ ⋯𝑎௡ሻሻଶ௡ିହାఌ      (5) 
 
In 2002, Hu Peichu[7] proposed the following multivariate 𝑛-
term 𝑎𝑏𝑐 conjecture of integer. 
 
Multivariate 𝑛-term 𝑎𝑏𝑐 conjecture of integer: Given any 
integer 𝑛 ൐ 2 and any 𝜀 ൐ 0, there exists a constant 𝐶௡,ఌ. For 
all integers 𝑎ଵ, 𝑎ଶ,..., 𝑎௡ and 𝑔𝑐𝑑ሺ𝑎ଵ,𝑎ଶ,⋯ ,𝑎௡ሻ ൌ 1, and no 
proper sub sum of 𝑎ଵ ൅ 𝑎ଶ ൅ ⋯൅ 𝑎௡ ൌ 0is equal to 0, we 
have  
 

𝑀𝑎𝑥ሺ𝑎ଵ,𝑎ଶ,⋯ ,𝑎௡ሻ ൑ 𝐶௡,ఌ ⋅ ሺ𝑟𝑎𝑑ሺ𝑎ଵ ⋅ 𝑎ଶ ⋯𝑎௡ሻሻଵାఌ           (6) 
 

When 𝑛 ൌ 3, the proposition degenerates into the 𝑎𝑏𝑐 
conjecture of integer. 
 

Results  
 
Because the essence of 𝑎𝑏𝑐conjecture of integer is to obtain 
the number of integer solutions to the equation𝑎 ൅ 𝑏 ൌ 𝑐when 
the equation 𝑎 ൅ 𝑏 ൌ 𝑐 has solutions, combinatorial 
approximation methods, and the density transformation 
method can be employed to determine the number of integer 
solutions to the Diophantine equation𝑎 ൅ 𝑏 ൌ 𝑐with countable 
solution sets. By these methods, the following results can be 
established. 
 
Theorem 1 Let 𝜀 ൐ 0 be a positive real number. Then there is 
a constant 𝐶ሺ𝜀ሻ such that, for any triple 𝑎,𝑏,𝑐 of coprime 
positive integers with 𝑎 ൅ 𝑏 ൌ 𝑐, the inequality 



𝑐 ൑ 𝐶ሺ𝜀ሻ𝑟𝑎𝑑ሺ𝑎𝑏𝑐ሻଵାఌ 
holds. 
 
Theorem 2 Given any integer 𝑛 ൐ 2and any 𝜀 ൐ 0, there 
exists a constant 𝐶௡,ఌ. For all integers 𝑎ଵ,𝑎ଶ, ..., 
𝑎௡ and 𝑔𝑐𝑑ሺ𝑎ଵ,𝑎ଶ,⋯ ,𝑎௡ሻ ൌ 1, and no proper sub sum of 
𝑎ଵ ൅ 𝑎ଶ ൅ ⋯൅ 𝑎௡ ൌ 0 is equal to 0, we have  
 
𝑀𝑎𝑥ሺ𝑎ଵ,𝑎ଶ,⋯ ,𝑎௡ሻ ൑ 𝐶௡,ఌ ⋅ ሺ𝑟𝑎𝑑ሺ𝑎ଵ ⋅ 𝑎ଶ ⋯𝑎௡ሻሻଵାఌ 
 
When 𝑛 ൌ 3, the proposition degenerates into the 𝑎𝑏𝑐 
conjecture of integer. 
 
To prove theorem 1, theorem 2 and to obtain the number of 
integer solutions of equation 𝑎 ൅ 𝑏 ൌ 𝑐 and 𝑎ଵ ൅ 𝑎ଶ ൅⋯൅
𝑎௡ ൌ 0, it is necessary to study Lemmas 1-5. 
 
For cases where the solution sets and the number of solution 
sets of the variables in linear Diophantine equations are either 
the same or different, we propose the approximate 
combinatorial method, enumeration method, and density 
transformation method to compute an approximate number of 
integer solutions of the linear Diophantine equations whose 
solution sets are integer subsets or sequences of integer 
subsets. 
 
Method and Proof of Lemma  
 
Lemma 
 
Why study linear Diophantine equations? More specifically, 
why analyze the number of integer solutions of linear 
Diophantine equations whose solution sets consist of 
sequences of integer subsets? 
 
1. The number of integer solutions to linear Diophantine 

equations can be determined by combinatorial methods. 
2. To find integer solutions to nonlinear or higher-order 

Diophantine equations is very challenging, whereas 
counting the number of integer solutions for linear 
Diophantine equations is comparatively easier. 

3. The problem of counting the number of integer solutions to 
nonlinear or higher-order Diophantine equations can be 
transformed into the problem of counting the number of 
integer solutions to linear Diophantine equations whose 
solution sets are integer subsets. 

4. The enumeration method allows for straightforward listing 
of all integer solutions of linear Diophantine equations 
when the solution set is an integer sequence, or all of 
integer solutions are expressed as numerical equations or 
equalities. 

5. Since all integer solutions of linear Diophantine equations 
with solution sets formed by sequences of integer subsets 
belong to the integer solutions of linear Diophantine 
equations with integer sequences as solution sets, the 
enumeration method likewise facilitates the straightforward 
listing of all such solutions as numerical equations or 
equalities. 

6. By utilizing the enumeration method, it is straightforward 
to list all local integer solutions, or all of equations or 
equalities of local integer solutions of linear Diophantine 
equations whose solution sets are sequences of integer 
subsets. Specifically, linear Diophantine equations can 
explicitly or concisely be represented by the numerical 

equivalence relations within each local equation ( 𝑥ଵ ൅
𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑖 ሺ1 ൑ 𝑖 ൑ 𝑁ሻሻ. 

 
This section mainly discusses the number of integer solutions 
to linear Diophantine equations whose countable solution sets 
are given by integer sets or integer subsets (sequences). The 
definitions and notations used herein are consistent with those 
in reference [8]. 
 
Lemma 1 presents the number of integer solutions of linear 
Diophantine equations with integer set sequence as the solution 
set. Lemma 2 provides the approximate number of integer 
solutions of linear Diophantine equations with integer set 
sequence as the solution set. Lemma 3 provides the 
approximate number of integer solutions of linear Diophantine 
equations when the solution sets and the number of the 
solution sets of variables are either the same or different. 
Lemma 4 and Lemma 5 present the properties of general linear 
Diophantine equations when transformed into standard linear 
Diophantine equations. 
 

Lemma 1 Let 𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇbe the number of integer 

solutions of the standard linear Diophantine equation 
 

𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁 
 
The number of integer solutions is well known as 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ   ቀ𝑁 െ 1
𝑚 െ 1

ቁ ൌ 𝐶ேିଵ
௠ିଵ

ൌ
1

ሺ𝑚 െ 1ሻ!
𝑁ሺ𝑁 െ 1ሻሺ𝑁 െ 2ሻ⋯ ൫𝑁 െ ሺ𝑚 െ 1ሻ൯

𝑁
 

 
For any non-negative integer 𝑁, the solution set is𝑥௜ ൌ
ሼ1,2,3,⋯ ,𝑁ሽ, and the number of the solution set is |𝑥௜| ൌ 𝑁. 
 

Lemma 2Let 𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ be the number of integer 

solutions of the standard linear Diophantine equation 
 

𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁 
 
then the approximate number of integer solutions to the 
equation is 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ
1

ሺ𝑚 െ 1ሻ!
1
𝑁
𝑁௠ ൅ 𝑂ሺ𝑁௠ିଶሻ 

 
For any non-negative integer 𝑁, the solution set is 𝑥௜ ൌ
ሼ1,2,3,⋯ ,𝑁ሽ, and the number of the solution set is |𝑥௜| ൌ 𝑁. 
 

Lemma 3Let 𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ be the number of integer 

solutionsof the standard linear Diophantine equation  
 

𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁 
 
then the approximate number of integer solutions to the 
equation is 
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                         𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ

ଵ

ሺ௠ିଵሻ！

ଵ

ே
|𝑥ଵ||𝑥ଶ|⋯ |𝑥௠| ൅ 𝑂ሺ𝑁௠ିଶሻ 

 
For any non-negative integer 𝑁, the solution set is 𝑥௜ ⊆
ሼ1,2,3,⋯ ,𝑁ሽ, the solution set can be 𝑥௜ ് 𝑥௝, and the number 
of the solution set is |𝑥௜| ൑ 𝑁, it can be |𝑥௜| ് ห𝑥௝ห. 
 
Lemma 4 The number of integer solutions of equation 𝑥ଵ േ
𝑥ଶ േ⋯േ 𝑥௜ േ ⋯േ 𝑥௠ ൌ 𝑁 is equal to the number of integer 
solutions of equation 𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁. 
 
Lemma 5 The number of integer solutions of equation 𝑥ଵ േ
𝑥ଶ േ⋯േ 𝑥௜ േ ⋯േ 𝑥௠ ൌ 0 is equal to the number of integer 
solutions of equation 𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁. 
 
Proof of the Lemma 
 

Lemma 1 Let 𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ be the number of integer 

solutions of the standard linear Diophantine equation  
 

𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁 
 
The number of integer solutions is well known as 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ   ቀ𝑁 െ 1
𝑚 െ 1

ቁ ൌ 𝐶ேିଵ
௠ିଵ

ൌ
1

ሺ𝑚 െ 1ሻ!
𝑁ሺ𝑁 െ 1ሻሺ𝑁 െ 2ሻ⋯ ൫𝑁 െ ሺ𝑚 െ 1ሻ൯

𝑁
 

 
For any non-negative integer𝑁, the solution set 𝑥௜ ൌ
ሼ1,2,3,⋯ ,𝑁ሽ, the number of the solution set |𝑥௜| ൌ 𝑁. 
 
Proof 
 
We consider the number of integer solutions of the linear 
Diophantine equation where the solution set is an integer set or 
a sequence of integer set, and a countable solution set. The 
combinatorial method and the enumeration method are applied. 
 
Combinatorial Method 
 

Let 𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ be the number of integer solutions 

of the linear Diophantine equation 
 𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁                                         (7) 
 
It is well known that the number of integer solutions is[9] 

 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ   ቀ𝑁 ൅𝑚 െ 1
𝑚െ 1

ቁ ൌ 𝐶ேା௠ିଵ
௠ିଵ              (8) 

 
For any non-negative integer 𝑁, the solution set is 𝑥௜ ൌ
ሼ1,2,3,⋯ ,𝑁ሽ, and the number of the solution set is |𝑥௜| ൌ 𝑁. 
Substitute 𝑥௜ െ 1 ൌ 𝑦௜ into equation (7) to obtain  
 
𝑦ଵ ൅ 𝑦ଶ ൅ ⋯൅ 𝑦௜ ൅⋯൅ 𝑦௠ ൌ 𝑁 െ𝑚                                       (9) 
 
The number of integer solutions of equation (9) is 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ   ቀ𝑁 െ 1
𝑚 െ 1

ቁ ൌ 𝐶ேିଵ
௠ିଵ(10) 

 
The number of integer solutions of equation (9) is equal to the 
number of integer solutions of equation (7) 
 

𝐶௠ାேିଵ
௠ିଵ =𝐶ேିଵ

௠ିଵ or  ቀ𝑁 ൅𝑚 െ 1
𝑚 െ 1

ቁ=ቀ𝑁 െ 1
𝑚െ 1

ቁ                         (11) 

 
According to combinatorial relations, we have 
 

𝐶ே
௠ ൌ

ே

௠
𝐶ேିଵ

m-ଵ  or  𝐶ேିଵ
௠ିଵ ൌ

௠

ே
𝐶ே
௠                                                (12) 

 
𝐶ே
௠ െ 𝐶ேିଵ

௠ ൌ 𝐶ேିଵ
௠ିଵ                                                                      (13) 

 
Equation (13) presents there cursive relation between the 𝑚-
dimensional linear Diophantine equation (𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅
⋯൅ 𝑥௠ ൌ 𝑁) and the ሺ𝑚 െ 1ሻ-dimensional linear Diophantine 
equation (𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ିଵ ൌ 𝑁). This equation 
(13) also provides the recursive relation between the 
height𝑁linear Diophantine equation (𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅
𝑥௠ ൌ 𝑁) and the height ሺ𝑁 െ 1ሻ linear Diophantine 
equation ሺ𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁 െ 1ሻ. Equation 
(13) can be used, based on height 𝑁 and dimension𝑚,to prove 
the number of integer solutions of the linear Diophantine 
equation by mathematical induction. 
 
Local-Global Principle 
 
The number of integer solutions of equation (7) is denoted as 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ   ቀ𝑁 െ 1
𝑚 െ 1

ቁ ൌ 𝐶ேିଵ
௠ିଵ ൌ

ଵ

ሺ௠ିଵሻ!

ேሺேିଵሻሺேିଶሻ⋯൫ேିሺ௠ିଵሻ൯

ே
                                                (14) 

 

The product 
ଵ

௠!
𝑁ሺ𝑁 െ 1ሻሺ𝑁 െ 2ሻ⋯ ൫𝑁 െ ሺ𝑚 െ 1ሻ൯ in the 

formula 𝐶ே
௠ െ 𝐶ேିଵ

௠ ൌ 𝐶ேିଵ
௠ିଵ, represents the total number of 

integer solutions of the equation in 𝑚 dimensions.  
 

In the product 
ଵ

௠!

ேሺேିଵሻሺேିଶሻ⋯൫ேିሺ௠ିଵሻ൯

ே
, the product 

ଵ

௠!
𝑁ሺ𝑁 െ

1ሻሺ𝑁 െ 2ሻ⋯൫𝑁 െ ሺ𝑚 െ 1ሻ൯ is divided by 𝑁, therefore for 
each 𝑁 ሺ𝑁 ൌ 1,2,⋯ , 𝑖,⋯ ,𝑁ሻ, if the local equation 𝑥ଵ ൅ 𝑥ଶ ൅
⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑖 ሺ1 ൑ 𝑖 ൑ 𝑁ሻ) haveor not solutions, then 
the global equation 𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁 also has 
or not solutions, and vice versa. 
 
Enumeration Method 
 
Linear Diophantine equations can provide clear or concise 
numerical equivalence relations in each local equation 
(𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑖 ሺ1 ൑ 𝑖 ൑ 𝑁ሻሻ. 
 
In linear Diophantine equation 𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ
𝑁 , when 𝑚 ൌ 3, the equation is transformed into 𝑥ଵ ൅ 𝑥ଶ ൅
𝑥ଷ ൌ 𝑁. 
 
According to Lemma 5, the number of integer solutions to the 
equation 𝑥ଵ ൅ 𝑥ଶ ൅ 𝑥ଷ ൌ 𝑁 is equal to the number of integer 
solutions to the equation 𝑥ଵ ൅ 𝑥ଶ ൅ 𝑥ଷ ൌ 0. 
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According to Lemma 4, the number of integer solutions to the 
equation 𝑥ଵ ൅ 𝑥ଶ ൅ 𝑥ଷ ൌ 0 is equal to the number of integer 
solutions to the equation 𝑥ଵ ൅ 𝑥ଶ െ 𝑥ଷ ൌ 0 or 𝑥ଵ ൅ 𝑥ଶ ൌ 𝑥ଷ. 
 
Now, consider the enumeration method to list the integer 
solutions of linear Diophantine equations with a countable 
solution set. 
 
From the above, when 𝑚 ൌ 3 , the number of integer solutions 
to the equation 𝑥ଵ ൅ 𝑥ଶ ൌ 𝑥ଷor 𝑥ଵ ൅ 𝑥ଶ ൅ 𝑥ଷ ൌ 𝑁 is equal 
to 𝐶ேିଵ

ଷିଵ ൌ 𝐶ேିଵ 
ଶ . 

 
Table 1 below shows the total number of integer solutions of 
the 3D equation𝑥ଵ ൅ 𝑥ଶ ൌ 𝑥ଷ where 𝑥௜ ൑ 10. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝑥ଵ ൌ ሼ1,2,3,⋯ ,10ሽ,𝑥ଶ ൌ ሼ1,2,3,⋯ ,10ሽ and  
𝑥ଷ ൌ ሼ1,2,3,⋯ ,10ሽ 
 
The number of integer solutions to the equation 𝑥ଵ ൅ 𝑥ଶ ൌ
𝑥ଷ is equal to 
 

𝐶ேିଵ
ଷିଵ ൌ 𝐶ேିଵ

ଶ ൌ
ሺேିଵሻሺேିଶሻ

ଶ!
                                                   (15) 

 
When 𝑁 ൑ 10, as shown in Table 1. 
 
When 𝑚 ൌ 2, the number of integer solutions to the equation 
𝑥ଵ ൅ 𝑥ଶ ൌ 𝑁 is equal to 
 

𝐶ே
ଶ െ 𝐶ேିଵ

ଶ ൌ
ሺேሻሺேିଵሻ

ଶ!
െ

ሺேିଵሻሺேିଶሻ

ଶ!
ൌ 𝐶ேିଵ

ଵ ൌ 𝑁 െ 1           (16) 

 
is indicated by the diagonal line in Table 1. 
 
Lemma 1 is proved. 
 

Lemma 2 Let 𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ be the number of integer 

solutions of the linear Diophantine equation 
 

𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁 
 
the approximate number of integer solutions for the equation is 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ
1

ሺ𝑚 െ 1ሻ!
1
𝑁
𝑁௠ ൅ 𝑂ሺ𝑁௠ିଶሻ 

 
For any non-negative integer 𝑁, the solution set is     
 
𝑥௜ ൌ ሼ1,2,3,⋯ ,𝑁ሽ, and the number of the solution set is 
|𝑥௜| ൌ 𝑁. 
 

Proof 
 
Combinatorial approximation method 
 

According to lemma 1, the equation  𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅
𝑥௠ ൌ 𝑁 has the solution set 𝑥௜ ൌ ሼ1,2,3,⋯ ,𝑁ሽ, and the 
number of the solution set is |𝑥௜| ൌ 𝑁. 
 

The number of integer solutions for this equation is  𝐶ே
௠ െ

𝐶ேିଵ
௠ ൌ 𝐶ேିଵ

௠ିଵ. 
 

In the formula 𝐶ே
௠ െ 𝐶ேିଵ

௠ ൌ 𝐶ேିଵ
௠ିଵ , 𝑚 is finite and 

relatively 𝑁 very small; 𝑁 is very large and infinite. 
 

The formula  𝐶ே
௠ െ 𝐶ேିଵ

௠ ൌ 𝐶ேିଵ
௠ିଵ is 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ேሺேିଵሻ⋯൫ேିሺ௠ିଵሻ൯

௠!
െ

ሺேିଵሻሺேିଶሻ⋯ሺேି௠ሻ

௠!
ൌ

ሺேିଵሻሺேିଶሻ⋯൫ேିሺ௠ିଵሻ൯

ሺ௠ିଵሻ!
   (17) 

 
We make the following approximation 𝑁ሺ𝑁 െ 1ሻ⋯ ൫𝑁 െ
ሺ𝑚 െ 1ሻ൯ ൌ 𝑁௠ ൅ 𝑂ሺ𝑁௠ିଵሻ，ሺ𝑁 െ 1ሻሺ𝑁 െ 2ሻ⋯ ሺ𝑁 െ𝑚ሻ ൌ
〈𝑁 െ 1〉௠ ൅ 𝑂ሺ𝑁௠ିଵሻ and ሺ𝑁 െ 1ሻሺ𝑁 െ 2ሻ⋯ ൫𝑁 െ ሺ𝑚 െ 1ሻ൯ ൌ
𝑁〈௠ିଵ〉 ൅ 𝑂ሺ𝑁௠ିଶሻ. 
 
Obtain 
 
ே೘

௠!
െ

ሺேିଵሻ೘

௠!
ൌ

ேሺ೘షభሻ

ሺ௠ିଵሻ!
൅ 𝑂ሺ𝑁௠ିଶሻ                                            (18) 

 
Local-Global Principle 
 
The number of solutions to equation (7) is denoted by 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ
ଵ

ሺ௠ିଵሻ!

ே೘

ே
൅ 𝑂ሺ𝑁௠ିଶሻ                  (19) 

 

The product 
ே೘

௠!
 in the above formula (18) is the total number 

of solutions for the 𝑚-dimensional equation. 
 

In 
ே೘

௠!ே
, the product 

ே೘

௠!
 is divided by 𝑁, therefore for each 

𝑁 (𝑁 ൌ 1,2,⋯ , 𝑖,⋯ ,𝑁), if the local equation 𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅
𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑖 ሺ1 ൑ 𝑖 ൑ 𝑁ሻ have or not solutions, then the 
global equation 𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁 also has or 
not solutions, and vice versa. 
 
Enumeration Method 
 
Equation 𝑥ଵ ൅ 𝑥ଶ ൌ 𝑥ଷ has the solution set 𝑥ଵ ൌ 𝑥ଶ ൌ 𝑥ଷ ൌ
ሼ1,2,3,⋯ ,𝑁ሽ, and the number of solution set is |𝑥ଵ| ൌ |𝑥ଶ| ൌ
|𝑥ଷ| ൌ 𝑁, and the density of the solution set is 𝑑ଵ ൌ 𝑑ଶ ൌ
𝑑ଷ ൌ 1. 

Table 1. Total number of integer solutions of the 3D equation 𝒙𝟏 ൅ 𝒙𝟐 ൌ 𝒙𝟑where 𝒙𝒊 ൑ 𝟏𝟎 
 

𝒙𝟏 ൅ 𝒙𝟐 ൌ 𝒙𝟑 1 2 3 4 5 6 7 8 9 10  
1 1+1=2 2+1=3 3+1=4 4+1=5 5+1=6 6+1=7 7+1=8 8+1=9 9+1=10   
2 1+2=3 2+2=4 3+2=5 4+2=6 5+2=7 6+2=8 7+2=9 8+2=10    
3 1+3=4 2+3=5 3+3=6 4+3=7 5+3=8 6+3=9 7+3=10     
4 1+4=5 2+4=6 3+4=7 4+4=8 5+4=9 6+4=10      
5 1+5=6 2+5=7 3+5=8 4+5=9 5+5=10       
6 1+6=7 2+6=8 3+6=9 4+6=10        
7 1+7=8 2+7=9 3+7=10         
8 1+8=9 2+8=10          
9 1+9=10           
10            
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Table 2 lists the total number of solutions for the 3D 
equation𝑥ଵ ൅ 𝑥ଶ ൌ 𝑥ଷ satisfies  𝑥௜ ൑ 10. 
 
𝑥ଵ ൌ ሼ1,2,3,⋯ ,10ሽ, 𝑥ଶ ൌ ሼ1,2,3,⋯ ,10ሽ and  
𝑥ଷ ൌ ሼ1,2,3,⋯ ,10ሽ 
 
When 𝑚 ൌ 3, the number of integer solutions of the 
equation 𝑥ଵ ൅ 𝑥ଶ ൌ 𝑥ଷor 𝑥ଵ ൅ 𝑥ଶ ൅ 𝑥ଷ ൌ 𝑁 is equal to 𝑁𝑆 ∼
ேమ

ଶ!
. 

 
When 𝑚 ൌ 2, the number of integer solutions of the 
equation 𝑥ଵ ൅ 𝑥ଶ ൌ 𝑁 is equal to 
 

𝑁𝑆 ∼
ேమ

ଶ!
െ

ሺேିଵሻమ

ଶ!
∼

ଵ

ଵ!
𝑁ଵ. Shown by the diagonal line in Table 

2. 
 
The proof of Lemma 2 is completed. 
 

Lemma 3 Let 𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ denote the number of 

integer solutions of the linear Diophantine equation  
 

𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁 
 
and the approximate number of integer solutions to the 
equation is 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ
1

ሺ𝑚 െ 1ሻ！
1
𝑁

|𝑥ଵ||𝑥ଶ|⋯ |𝑥௠| ൅ 𝑂ሺ𝑁௠ିଶሻ 

 
For any non-negative integer𝑁, the solution set is 𝑥௜ ⊆
ሼ1,2,3,⋯ ,𝑁ሽ, the solution set can be 𝑥௜ ് 𝑥௝, and the number 
of the solution sets is |𝑥௜| ൑ 𝑁,and it can be|𝑥௜| ് ห𝑥௝ห. 
 
Proof 
 
Combinatorial approximation method 
 
According to lemma 2, the equation 𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅
𝑥௠ ൌ 𝑁has the solution set𝑥௜ ൌ ሼ1,2,3,⋯ ,𝑁ሽ , and the 
number of the solution set is |𝑥௜| ൌ 𝑁, for the equation𝑥ଵ ൅
𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁, has the following approximate 
number of integer solutions: 
 

   𝑁𝑆 ൌ
ே೘

௠!
െ

ሺேିଵሻ೘

௠!
ൌ

ଵ

ሺ௠ିଵሻ!
𝑁ሺ௠ିଵሻ ൅ 𝑂ሺ𝑁௠ିଶሻ            (20) 

 
We rewrite the above expression as 
 
ே೘

௠!
െ

ሺேିଵሻ೘

௠!
ൌ

ଵ

ሺ௠ିଵሻ!

ଵ

ே
𝑁௠ ൅ 𝑂ሺ𝑁௠ିଶሻ                             (21) 

 
 
 
 
 
 
 
 
 
 
 
 
 
The solution set is 𝑥௜ ⊆ ሼ1,2,3,⋯ ,𝑁ሽand it can be 𝑥௜ ് 𝑥௝, and 
the number of the solution set is |𝑥௜| ൑ 𝑁, and it can be |𝑥௜| ്

ห𝑥௝ห, and the density of the solution set is 𝑑௜ ൌ
|௫೔|

ே
. 

 

The above expression (21) multiplied by the density ሺ𝑑ଵ ∙ 𝑑ଶ ∙
⋯ ∙ 𝑑௜ ∙ ⋯ ∙ 𝑑௠ሻ of the solution sets 
 

ሺ𝑑ଵ ∙ 𝑑ଶ ∙ ⋯ ∙ 𝑑௠ሻ ቄ
ே೘

௠!
െ

ሺேିଵሻ೘

௠!
ቅ ∼

ଵ
ሺ௠ିଵሻ!

ଵ

ே
ሺ𝑑ଵ ∙ 𝑑ଶ ∙ ⋯ ∙ 𝑑௠ሻ𝑁௠ (22) 

 
Left side ൌ

ሺௗభ∙ேሻሺ ௗమ∙ேሻ⋯ሺௗ೘∙ேሻ

௠!
െ

ሺௗభ∙ேିௗభሻሺ ௗమ∙ேି ௗమሻ⋯ሺௗ೘∙ேିௗ೘ሻ

௠!
     (23) 

 

Since 0 ൏ 𝑑௜ ൑ 1, we make the following approximation 
ሺ𝑑ଵ ∙ 𝑁 െ 𝑑ଵሻሺ 𝑑ଶ ∙ 𝑁 െ  𝑑ଶሻ⋯ ሺ𝑑௠ ∙ 𝑁 െ 𝑑௠ሻ~ሺ𝑑ଵ ∙ 𝑁 െ
1ሻሺ 𝑑ଶ ∙ 𝑁 െ 1ሻ⋯ ሺ𝑑௠ ∙ 𝑁 െ 1ሻ. 
 
The above formula can be approximated as 
 

Left sideൌ
ሺௗభ∙ேሻሺ ௗమ∙ேሻ⋯ሺௗ೘∙ேሻ

௠!
െ

ሺௗభ∙ேିଵሻሺ ௗమ∙ேିଵሻ⋯ሺௗ೘∙ேିଵሻ

௠!
 

 

Left sideൌ
|௫భ||௫మ|⋯|௫೘|

௠!
െ

ሺ|௫భ|ିଵሻሺ|௫మ|ିଵሻ⋯ሺ|௫೘|ିଵሻ

௠!
 

 

Right side ൌ
ଵ

ሺ௠ିଵሻ!

ଵ

ே
ሺ𝑑ଵ ∙ 𝑑ଶ ∙ ⋯ ∙ 𝑑௠ሻ𝑁௠ ൌ

ଵ

ሺ௠ିଵሻ!

ଵ

ே
ሺ𝑑ଵ ∙

𝑁ሻሺ 𝑑ଶ ∙ 𝑁ሻ⋯ሺ𝑑௠ ∙ 𝑁ሻ 
 

Right sideൌ
ଵ

ሺ௠ିଵሻ！

ଵ

ே
|𝑥ଵ||𝑥ଶ|⋯ |𝑥௠| 

 
Left side = Right side 
 
|௫భ||௫మ|⋯|௫೘|

௠!
െ

ሺ|௫భ|ିଵሻሺ|௫మ|ିଵሻ⋯ሺ|௫೘|ିଵሻ

௠!
ൌ

ଵ

ሺ௠ିଵሻ！

ଵ

ே
|𝑥ଵ||𝑥ଶ|⋯ |𝑥௠| ൅ 𝑂ሺ𝑁௠ିଶሻ                                  (24) 

 
Consider the non-uniform distribution of the number of integer 
solutions caused by the combination of density 𝑑௜ in each 𝑚 

dimension with 𝑁 change, and then 
ଵ

ሺ௠ିଵሻ!
 is modified 

to 𝑐ሺ𝑚,𝑑௜ሻ. 𝑐ሺ𝑚,𝑑௜ሻ can be obtained through calculation 
based on precision; that is 
 

𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ
ଵ

ሺ௠ିଵሻ！

ଵ

ே
|𝑥ଵ||𝑥ଶ|⋯ |𝑥௠| ൌ

𝑐ሺ𝑚,𝑑௜ሻ
ଵ

ே
|𝑥ଵ||𝑥ଶ|⋯ |𝑥௠| ൅ 𝑂ሺ𝑁௠ିଶሻ                                              (25) 

 
Local-Global Principle 
 
The number of integer solutions of equation (7) is  
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ
ଵ

ሺ௠ିଵሻ！

ଵ

ே
|𝑥ଵ||𝑥ଶ|⋯ |𝑥௠| ൅ 𝑂ሺ𝑁௠ିଶሻ  (26) 

Table 2. Total number of solutions of the 3D equation𝒙𝟏 ൅ 𝒙𝟐 ൌ 𝒙𝟑 where 𝒙𝒊 ൑ 𝟏𝟎 
 

𝒙𝟏 ൅ 𝒙𝟐 ൌ 𝒙𝟑 1 2 3 4 5 6 7 8 9 10  𝒙𝟏 

1 1+1=2 2+1=3 3+1=4 4+1=5 5+1=6 6+1=7 7+1=8 8+1=9 9+1=10   
2 1+2=3 2+2=4 3+2=5 4+2=6 5+2=7 6+2=8 7+2=9 8+2=10 9+2=11   
3 1+3=4 2+3=5 3+3=6 4+3=7 5+3=8 6+3=9 7+3=10 8+3=11 9+3=12   
4 1+4=5 2+4=6 3+4=7 4+4=8 5+4=9 6+4=10 7+4=11 8+4=12 9+4=13   
5 1+5=6 2+5=7 3+5=8 4+5=9 5+5=10 6+5=11 7+5=12 8+5=13 9+5=14   
6 1+6=7 2+6=8 3+6=9 4+6=10 5+6=11 6+6=12 7+6=13 8+6=14 9+6=15   
7 1+7=8 2+7=9 3+7=10 4+7=11 5+7=12 6+7=13 7+7=14 8+7=15 9+7=16   
8 1+8=9 2+8=10 3+8=11 4+8=12 5+8=13 6+8=14 7+8=15 8+8=16 9+8=17   
9 1+9=10 2+9=11 3+9=12 4+9=13 5+9=14 6+9=15 7+9=16 8+9=17 9+9=18   
10            
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The product 
|௫భ||௫మ|⋯|௫೘|

௠!
 in the above formula (24) is the total 

number of integer solutions in dimension 𝑚. 
 

In 
|௫భ||௫మ|⋯|௫೘|

ே௠!
, the product 

|௫భ||௫మ|⋯|௫೘|

௠!
 is divided by  𝑁, 

𝑁 (𝑁 ൌ 1,2,⋯ , 𝑖,⋯ ,𝑁 ), if the local equation 𝑥ଵ ൅ 𝑥ଶ ൅⋯൅
𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑖 ሺ1 ൑ 𝑖 ൑ 𝑁ሻ have or not solutions, then the 
global equation 𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁 also has or 
not solutions, and vice versa. 
 
Enumeration Method 
 
Example 1. Prime number  
 
Solution set 𝑝 ൌ ሼ2, 3，5,⋯ ,𝑝௜ ,⋯ ,𝑁ሽ，𝑝௜ ൑ 𝑁, the number 

of prime solution sets is |𝑝| ൌ
ே

௟௡ே
, and the density of the prime 

solution sets is 𝑑ଵ ൌ 𝑑ଶ ൌ
ଵ

௟௡ே
. The approximate number of 

integer solutions of theequation 𝑝ଵ ൅ 𝑝ଶ ൌ 𝑁 is 𝑁𝑆 ∼

𝑐
|௣భ|⋅|௣మ|

ଵ!ே
∼

଴.଺ଶே

ሺ௟௡ேሻమ
 (including duplicate solutions). For details 

on Goldbach’s conjecture and the number of integer solutions 
of Goldbach’s equation 𝑝ଵ ൅ 𝑝ଶ ൌ 𝑁, please see reference [8]. 
 

Table 3. Total number of integer solutions of 2D equation 𝒑𝟏 ൅
𝒑𝟐 ൌ 𝑵 where 𝑵 ൑ 𝟏𝟎 

 
𝒑𝟏 ൅ 𝒑𝟐 ൌ 𝑵 2 3  5  7 𝒑𝟏 

2 2+2=4       
3  3+3=6  5+3=8  7+3=10  
5  3+5=8  5+5=10  7+5=12  
7  3+7=10  5+7=12  7+7=14  

𝒑𝟐        

 
𝑥௜ ൌ ሼ2, 3，5,⋯ ,𝑝௜ ,⋯ ,𝑁ሽ ⊂ ሼ1,2,3,⋯ ,𝑁ሽ,|𝑥௜| ൑ 𝑁 ൌ 10 
 
Example 2. Residue class 
 
In the equation 𝑎ଵ𝑥ଵ ൅ 𝑎ଶ𝑥ଶ ൅ ⋯൅ 𝑎௜𝑥௜ ൅ ⋯൅ 𝑎௠𝑥௠ ൌ 𝑁, 
the solution set of the residue class is 𝑎௜𝑥௜ ൌ ሼ𝑎௜ ⋅ 1,𝑎௜ ⋅
2, … ,𝑎௜ ⋅ 𝑘, … ,𝑁ሽ. 
 
By substitution 𝑎௜𝑥௜ ൌ 𝑦௜ , 
 
we can obtain 𝑦ଵ ൅ 𝑦ଶ ൅ ⋯൅ 𝑦௜ ൅ ⋯൅ 𝑦௠ ൌ 𝑁. 
 
Solution set 𝑦௜ is 𝑎௜𝑥௜ ൌ ሼ𝑎௜ ⋅ 1,𝑎௜ ⋅ 2, … ,𝑎௜ ⋅ 𝑘, … ,𝑁ሽ, 
therefore 𝑎௜ ⋅ 𝑘 ൑ 𝑁, and the number of the solution set 

is |𝑎௜𝑥௜| ൌ
ே

௔೔
. 

 
In the equation  𝑥ଵ ൅ 2𝑥ଶ ൌ 𝑥ଷ, the solution sets 𝑥ଵ,2𝑥ଶ and 
𝑥ଷ are 

𝑥ଵ ൌ 𝑥ଷ ൌ ሼ1,2,3,⋯ , 𝑘,⋯ ,𝑁ሽ 
2𝑥ଶ ൌ ሼ2, 4,⋯ ,2𝑘,⋯ ,𝑁ሽ 

 
 
 
 
 
 
 
 
 
 
 

The number of the solution set |𝑥ଵ| ൌ |𝑥ଷ| ൌ 𝑁, |2𝑥ଶ| ൌ
ே

ଶ
. 

 
The number of integer solutions to the equation 𝑥ଵ ൅ 2𝑥ଶ ൌ 𝑥ଷ 
is 
 

𝑁𝑆 ∼
|௫భ|⋅|ଶ௫మ|⋅|௫య|

ଶ!ே
ൌ

ே⋅
ಿ
మ
⋅ே

ଶே
ൌ

ேమ

ସ
. 

 
𝑥௜ ⊆ ሼ1,2,3,⋯ ,𝑁ሽ,   𝑥௜ ് 𝑥௝ , |𝑥௜| ് ห𝑥௝ห, |𝑥௜| ൑ 𝑁 ൌ 10 

 
Density Transformation Method 
 
We now discuss the density transformation of linear 
Diophantine equations whose solution set is an integer subset. 
 
Let 𝑎ଵ,𝑎ଶ,…,𝑎௠ be positive integers to satisfy 
𝑔𝑐𝑑ሺ𝑎ଵ,𝑎ଶ,⋯ ,𝑎௠ሻ ൌ 1. In addition, let 
𝑁𝑆 ൌ 𝑁ሺ𝑎ଵ,𝑎ଶ,⋯ ,𝑎௠;𝑁ሻ be the number of integer solutions 
of the equation 
 
𝑎ଵ𝑥ଵ ൅ 𝑎ଶ𝑥ଶ ൅⋯൅ 𝑎௜𝑥௜ ൅ ⋯൅ 𝑎௠𝑥௠ ൌ 𝑁                        (27) 
 
For non-negative integers 𝑥ଵ,𝑥ଶ,…,𝑥௠. According to Schur's 
theorem, the approximate number of integer solutions of 
equation (27) is 
 

𝑁𝑆 ൌ 𝑁ሺ𝑎ଵ, 𝑎ଶ,⋯ , 𝑎௠;𝑁ሻ ൌ
ே೘షభ

ሺ௠ିଵሻ!⋅௔భ⋅௔మ⋅⋯⋅௔೘
൅ 𝑂ሺ𝑁௠ିଶሻ            (28) 

 
For non-negative integers𝑁, provided that𝑁is sufficiently 
large, especially when there exists an integer𝑁ଵsuch that 
each𝑁 ൒ 𝑁ଵhas at least one representation [9]. 
 
Equation              𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁            (29) 
 
Non-negative integers 𝑥ଵ,𝑥ଶ,…,𝑥௠, and the solution sets are 
integer subsets. 
 
𝑥௜ ൌ ሼሺ𝑎௜ሻଵ, ሺ𝑎௜ሻଶ, ሺ𝑎௜ሻଷ,⋯ ,𝑁ሽ ⊆ ሼ1,2,3,⋯ ,𝑁ሽሺ1 ൑ 𝑖 ൑ 𝑚ሻ, 
and can be 𝑥௜ ് 𝑥௝. When ሺ𝑎௜ሻ௞ ൑ 𝑁, and the density of the 

solution set is 𝑑௜ ൌ
|௫೔|

ே
, and the number of the solution set is 

 
|𝑥௜| ൌ 𝑑௜ ⋅ 𝑁 ൑ 𝑁. 
 

Transform 𝑥௜ ൌ
ଵ

ௗ೔
⋅ 𝑦௜, the solution set 

is 𝑦௜ ൌ ሼ1,2,3,⋯ ,𝑁ሽሺ1 ൑ 𝑖 ൑ 𝑚ሻis the integer set. 
 

Solution set 
ଵ

ௗ೔
⋅ 𝑦௜ ൌ ቄ

ଵ

ௗ೔
⋅ 1,

ଵ

ௗ೔
⋅ 2, … ,

ଵ

ௗ೔
⋅ 𝑘, … ,𝑁ቅ ⊆

ሼ1, 2，3,⋯ , 𝑘,⋯ ,𝑁ሽ, and the number of the solution set 

is ቚ
ଵ

ௗ೔
⋅ 𝑦௜ቚ ൌ 𝑑௜ ⋅ 𝑁 ൑ 𝑁, the solution set is 

ଵ

ௗ೔
⋅ 𝑦௜, the density is 

𝑑௜, and there are 
 
 
 
 
 
 
 
 
 
 
 

Table 4. Total number of integer solutions of the equation 𝒙𝟏 ൅ 𝟐𝒙𝟐 ൌ 𝒙𝟑, where𝒙𝟏，𝟑 ൑ 𝟏𝟎, 𝟐𝒙𝟐 ൑ 𝟏𝟎 
 

𝒙𝟏 ൅ 𝟐𝒙𝟐 ൌ 𝒙𝟑 1 2 3 4 5 6 7 8 9 10 𝒙𝟏 

2 1+2=3 2+2=4 3+2=5 4+2=6 5+2=7 6+2=8 7+2=9 8+2=10 9+2=11   
4 1+4=5 2+4=6 3+4=7 4+4=8 5+4=9 6+4=10 7+4=11 8+4=12 9+4=13   
6 1+6=7 2+6=8 3+6=9 4+6=10 5+6=11 6+6=12 7+6=13 8+6=14 9+6=15   
8 1+8=9 2+8=10 3+8=11 4+8=12 5+8=13 6+8=14 7+8=15 8+8=16 9+8=17   
10            

𝟐𝒙𝟐            
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ଵ

ௗభ
⋅ 𝑦ଵ ൅

ଵ

ௗమ
⋅ 𝑦ଶ ൅ ⋯൅

ଵ

ௗ೔
⋅ 𝑦௜ ൅ ⋯൅

ଵ

ௗ೘
⋅ 𝑦௠ ൌ 𝑁                 (30) 

 
According to formula (28), the approximate number of integer 
solutions of equation (30) is 
 

 𝑁𝑆 ൌ 𝑁 ቀ
ଵ

ௗభ
,
ଵ

ௗమ
,⋯ ,

ଵ

ௗ೘
;𝑁ቁ ൌ

௠

ே

ଵ

ሺ௠ሻ!
ሺ𝑑ଵ ⋅ 𝑁ሻሺ𝑑ଶ ⋅ 𝑁ሻ ⋅ … ⋅

ሺ𝑑௠ ⋅ 𝑁ሻ ൅ 𝑂ሺ𝑁௠ିଶሻ                                                                   (31) 
 
where 𝑑௜ ⋅ 𝑁 ൌ |𝑥௜|. The approximate number of integer 
solutions of equation (30) is also 
 

𝑁𝑆 ൌ
|௫భ|⋅|௫మ|⋯|௫೘|

ே⋅ሺ௠ିଵሻ!
൅ 𝑂ሺ𝑁௠ିଶሻ                                                 (32) 

 
Lemma 3 is proved. 
 
For further discussion on the cases of unequal density 𝑑௜ ⋅ 𝑁 ൌ
|𝑥௜| and applications, see reference [8，10，11]. 
 
Lemma 4 The number of integer solutions of the equation 
𝑥ଵ േ 𝑥ଶ േ⋯േ 𝑥௜ േ ⋯േ 𝑥௠ ൌ 𝑁 is equal to the number of 
integer solutions of the equation 𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅
𝑥௠ ൌ 𝑁.  
 
Proof 
 
Combinatorial approximation method 
 
In the equation 𝑥ଵ േ 𝑥ଶ േ ⋯േ 𝑥௜ േ⋯േ 𝑥௠ ൌ 𝑁,              (33) 
 
By substituting 𝑥ଵ ൌ 𝑦ଵ ,േ𝑥௜ ൌ 𝑦௜ሺ2 ൑ 𝑖 ൑ 𝑚ሻ 
 
we can obtain 𝑦ଵ ൅ 𝑦ଶ ൅ ⋯൅ 𝑦௜ ൅ ⋯൅ 𝑦௠ ൌ 𝑁.                (34) 
 
When 𝑥௜，𝑦௜ሺ1 ൑ 𝑖 ൑ 𝑚ሻ ⊂ ሼ1,2,3,⋯ , 𝑘,⋯ ,𝑁ሽ, the solution 
set of negative integers is െ𝑥௜ ⊂ ሼെ1,െ2,െ3,⋯ ,െ𝑘,⋯ ,െ𝑁ሽ, 
and when െ𝑁 ൑ െ𝑘 ൑ െ1, the number of the solution set is 
|𝑥ଵ| ൌ |𝑦ଵ|，|െ𝑥௜| ൌ |𝑥௜| ൌ |𝑦௜|ሺ2 ൑ 𝑖 ൑ 𝑚ሻ.  
 
According to lemma 3, the approximate number of integer 
solutions of equation (33) can be expressed as 
 

𝑁𝑆~𝑐
|௫భ|⋅|േ௫మ|⋯|േ௫೘|

ே⋅ሺ௠ିଵሻ!
~𝑐

|௫భ|⋅|௫మ|⋯|௫೘|

ே⋅ሺ௠ିଵሻ!
൅ 𝑂ሺ𝑁௠ିଶሻ               (35) 

 
According to lemma 3, the approximate number of integer 
solutions of equation (34) can be expressed as 
 

𝑁𝑆~𝑐
|௬భ|⋅|௬మ|⋯|௬೘|

ே⋅ሺ௠ିଵሻ!
~𝑐

|௫భ|⋅|௫మ|⋯|௫೘|

ே⋅ሺ௠ିଵሻ!
൅ 𝑂ሺ𝑁௠ିଶሻ                   (36) 

 
When 𝑥௜，𝑦௜ሺ1 ൑ 𝑖 ൑ 𝑚ሻ ൌ ሼ1,2,3,⋯ , 𝑘,⋯ ,𝑁ሽ, the solution 
set of negative integers is െ𝑥௜ ൌ ሼെ1,െ2,െ3,⋯ ,െ𝑘,⋯ ,െ𝑁ሽ, 
and when െ𝑁 ൑ െ𝑘 ൑ െ1, the number of the solution set is 
|𝑥ଵ| ൌ |𝑦ଵ| ൌ 𝑁，|െ𝑥௜| ൌ |𝑥௜| ൌ |𝑦௜| ൌ 𝑁ሺ2 ൑ 𝑖 ൑ 𝑚ሻ.  
 
According to lemma 2, the approximate number of integer 
solutions of equation (33) can be expressed as 
 

𝑁𝑆~𝑐
|௫భ|⋅|േ௫మ|⋯|േ௫೘|

ே⋅ሺ௠ିଵሻ!
~𝑐

|௫భ|⋅|௫మ|⋯|௫೘|

ே⋅ሺ௠ିଵሻ!
~𝑐

ே೘షభ

ሺ௠ିଵሻ!
൅ 𝑂ሺ𝑁௠ିଶሻ         (37) 

 
According to lemma 2, the approximate number of integer 
solutions of equation (34) can be expressed as 
 

𝑁𝑆~𝑐
|௬భ|⋅|௬మ|⋯|௬೘|

ே⋅ሺ௠ିଵሻ!
~𝑐

|௫భ|⋅|௫మ|⋯|௫೘|

ே⋅ሺ௠ିଵሻ!
~𝑐

ே೘షభ

ሺ௠ିଵሻ!
൅ 𝑂ሺ𝑁௠ିଶሻ   (38) 

 
The number of integer solutions of equation (33) is equal to the 
number of integer solutions of equation (34). 
 
Proof of Lemma 4 is completed. 
 
Lemma 5 The number of integer solutions of equation 
𝑥ଵ േ 𝑥ଶ േ⋯േ 𝑥௜ േ ⋯േ 𝑥௠ ൌ 0 is equal to the number of 
integer solutions of equation 𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ
𝑁. 

Proof 
 
Combinatorial approximation method 
 
Equation    𝑥ଵ േ 𝑥ଶ േ ⋯േ 𝑥௜ േ⋯േ 𝑥௠ ൌ 0                      (39) 
 
becomes    𝑥ଵ േ 𝑥ଶ േ⋯േ 𝑥௜ േ ⋯േ 𝑥௠ ൅ 𝑁 ൌ 𝑁              (40) 
 
By substitution𝑥ଵ ൅ 𝑁 ൌ 𝑦ଵand േ 𝑥௜ ൌ 𝑦௜ሺ2 ൑ 𝑖 ൑ 𝑚ሻ 
 
we can obtain    𝑦ଵ ൅ 𝑦ଶ ൅ ⋯൅ 𝑦௜ ൅ ⋯൅ 𝑦௠ ൌ 𝑁.             (41) 
 
Since 𝑁 is a constant; therefore, it is not included the number 
of the solution set. The number of solution set |𝑥ଵ ൅ 𝑁| is only 
regarded as |𝑥ଵ ൅ 𝑁|=|𝑥ଵ| ൌ |𝑦ଵ|. 
 
When 𝑥௜，𝑦௜ሺ1 ൑ 𝑖 ൑ 𝑚ሻ ⊂ ሼ1,2,3,⋯ , 𝑘,⋯ ,𝑁ሽ, the solution 
set of negative integers is െ𝑥௜ ൌ ሼെ1,െ2,െ3,⋯ ,െ𝑘,⋯ ,െ𝑁ሽ, 
and when െ𝑁 ൑ െ𝑘 ൑ െ1, the number of the solution set is 
|െ𝑥௜| ൌ  |𝑥௜| ൌ |𝑦௜|ሺ2 ൑ 𝑖 ൑ 𝑚ሻ.  
 
According to lemma 3, the approximate number of integer 
solutions of equation (39) can be expressed as 
 

𝑁𝑆 ∼ 𝑐
|௫భାே|⋅|േ௫మ|⋯|േ௫೘|

ே⋅ሺ௠ିଵሻ!
~𝑐

|௫భ|⋅|௫మ|⋯|௫೘|

ே⋅ሺ௠ିଵሻ!
൅ 𝑂ሺ𝑁௠ିଶሻ       (42) 

 
According to lemma 3, the approximate number of integer 
solutions of equation (41) can be expressed as 
 

𝑁𝑆 ∼ 𝑐
|௬భ|⋅|௬మ|⋯|௬೘|

ே⋅ሺ௠ିଵሻ!
~𝑐

|௫భ|⋅|௫మ|⋯|௫೘|

ே⋅ሺ௠ିଵሻ!
൅ 𝑂ሺ𝑁௠ିଶሻ               (43) 

 
Since 𝑁 is a constant; therefore, it is not included the number 
of the solution set. The number of solution set |𝑥ଵ ൅ 𝑁| is only 
regarded as|𝑥ଵ ൅ 𝑁|=|𝑥ଵ| ൌ |𝑦ଵ| ൌ 𝑁. 
 
When 𝑥௜，𝑦௜ሺ1 ൑ 𝑖 ൑ 𝑚ሻ ൌ ሼ1,2,3,⋯ , 𝑘,⋯ ,𝑁ሽ, the solution 
set of negative integers is െ𝑥௜ ൌ ሼെ1,െ2,െ3,⋯ ,െ𝑘,⋯ ,െ𝑁ሽ, 
and when െ𝑁 ൑ െ𝑘 ൑ െ1, the number of the solution set is 
|െ𝑥௜| ൌ |𝑥௜| ൌ |𝑦௜| ൌ 𝑁ሺ2 ൑ 𝑖 ൑ 𝑚ሻ.  
 
According to lemma 2, the approximate number of integer 
solutions of equation (39) can be expressed as 
 

𝑁𝑆 ∼ 𝑐
|௫భାே|⋅|േ௫మ|⋯|േ௫೘|

ே⋅ሺ௠ିଵሻ!
~𝑐

|௫భ|⋅|௫మ|⋯|௫೘|

ே⋅ሺ௠ିଵሻ!
~𝑐

ே೘షభ

ሺ௠ିଵሻ!
൅ 𝑂ሺ𝑁௠ିଶሻ  (44) 

 
According to lemma 2, the approximate number of integer 
solutions of equation (41) can be expressed as 

𝑁𝑆 ∼ 𝑐
|௬భ|⋅|௬మ|⋯|௬೘|

ே⋅ሺ௠ିଵሻ!
~𝑐

|௫భ|⋅|௫మ|⋯|௫೘|

ே⋅ሺ௠ିଵሻ!
~𝑐

ே೘షభ

ሺ௠ିଵሻ!
൅ 𝑂ሺ𝑁௠ିଶሻ (45) 
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For globe 
 
for 𝑥ଵ െ 𝑥ଶ ൌ 𝑁  (𝑁 ൒ 𝑘 ൒ 0), see total number in Table 5. 
for 𝑥ଵ ൅ 𝑥ଶ ൌ 𝑁  (0 ൑ 𝑘 ൑ 𝑁), see total number in Table 1. 
 
For local  
 
For 𝑥ଵ െ 𝑥ଶ ൌ 𝑘, see diagonal at k in Table 5. 
For 𝑥ଵ ൅ 𝑥ଶ ൌ 𝑁 െ 𝑘, see diagonal at 𝑁 െ 𝑘 in Table 1. 
For other applications and validations of the approximate 
combinatorial method, see reference [8，10，11]. 
 

Proof of Theorem 1 and Theorem 2 
 
The proof of 𝒂𝒃𝒄 conjecture of integer 
 
Theorem 1 Let 𝜀 ൐ 0 be a positive real number. Then there is 
a constant 𝐶ሺ𝜀ሻ such that, for any triple 𝑎,𝑏,𝑐 of coprime 
positive integers with 𝑎 ൅ 𝑏 ൌ 𝑐, the inequality 
 

𝑐 ൑ 𝐶ሺ𝜀ሻ𝑟𝑎𝑑ሺ𝑎𝑏𝑐ሻଵାఌ 
holds. 
 
Proof 
 
RecallLemma3. When 𝑚 ൌ 3, the equation 𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅
𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁 change into 𝑥ଵ ൅ 𝑥ଶ ൅ 𝑥ଷ ൌ 𝑁. The 
approximate number of integer solutions to the equation𝑥ଵ ൅
𝑥ଶ ൅ 𝑥ଷ ൌ 𝑁 is 
 

𝑁𝑆 ൌ
|௫భ|⋅|௫మ|⋅|௫య|

ଶ!ே
൅ 𝑂ሺ𝑁ሻ                                                            (46) 

 
In the 𝑎𝑏𝑐 conjecture of integer, satisfies𝑎 ൅ 𝑏 ൌ 𝑐, that is, the 
equation𝑎 ൅ 𝑏 ൌ 𝑐has solutions, and the number of integer 
solutions of the equation𝑎 ൅ 𝑏 ൌ 𝑐is more than or equal to 1. 
 
According to lemma 4, the number of integer solutions of the 
equation 𝑎 ൅ 𝑏 ൌ 𝑐 is equal tothe number of integer solutions 
of the equation 𝑎 ൅ 𝑏 ൅ 𝑐 ൌ 0. 
 
According to lemma 5, the number of integer solutions of 
equation 𝑎 ൅ 𝑏 ൅ 𝑐 ൌ 0 is equal to the number of integer 
solutions of the equation 𝑎 ൅ 𝑏 ൅ 𝑐 ൌ 𝑁, where 𝑁 ൒
𝑀𝑎𝑥ሺ𝑎, 𝑏, 𝑐ሻis an integer constant. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Transform the equation𝑎 ൅ 𝑏 ൌ 𝑐 into 
 

𝑎 ൅ 𝑏 ൅ 𝑐 ൌ 𝑁.                                                                  (47) 
 

In order to compute the number of integer solutions of the 
equation (47), in the equation 𝑥ଵ ൅ 𝑥ଶ ൅ 𝑥ଷ ൌ 𝑁, when 𝑥ଵ ൌ
𝑎, 𝑥ଶ ൌ 𝑏 and 𝑥ଷ ൌ 𝑐, the approximate number of integer 
solutions to the equation 𝑎 ൅ 𝑏 ൅ 𝑐 ൌ 𝑁is 
 

𝑁𝑆 ∼
|௫భ|⋅|௫మ|⋅|௫య|

ଶ!ே
ൌ

|௔|⋅|௕|⋅|௖|

ଶ!௖
൅ 𝑂ሺ𝑐ሻ   (48) 

 
Let’s analyze the solution set and the number of solution set 
for𝑎,𝑏and𝑐from the following two situations. 
 
1) When the solution set 𝑎,𝑏 and 𝑐 are the set of integers, that 
is, the integer𝑎,𝑏and𝑐are not decomposed into the product of 
prime numbers. 
 
The set 𝑎,𝑏, 𝑜𝑟, 𝑐 ൌ ሼ1, 2，3,⋯ , 𝑗,⋯ ,𝑁ሽis the set of all 
integer. 
 
When 𝑎 ൑ 𝑁,𝑏 ൑ 𝑁and𝑐 ൑ 𝑁, the number of the solution set 
is |𝑎|=𝑁,|𝑏|=𝑁 and |𝑐|=𝑁. We have the approximate number 
of integer solutions to the equation𝑎 ൅ 𝑏 ൅ 𝑐 ൌ 𝑁 
 

𝑁𝑆 ∼
ଵ

ଶ！

|௔|ൈ|௕|ൈ|௖|

ே
ൌ

ଵ

ଶ！

ேൈேൈே

ே
ൌ

௥௔ௗሺ௔ሻ⋅௥௔ௗሺ௕ሻ⋅௥௔ௗሺ௖ሻ

ଶ!⋅ே
ൌ

௥௔ௗሺ௔௕௖ሻ

ଶ!⋅௖
ൌ

௞⋅௥௔ௗሺ௔௕௖ሻ

௖
൒ 1                                                              (49) 

 

Else                    
௞⋅൫௥௔ௗሺ௔௕௖ሻ൯

భశഄ

௖
൒

௞⋅௥௔ௗሺ௔௕௖ሻ

௖
൒ 1                  (50) 

 

or 𝑘 ⋅ ൫𝑟𝑎𝑑ሺ𝑎𝑏𝑐ሻ൯
ଵାఌ

൒ 𝑐                                                     (51) 
 
2) When the solution sets𝑎,𝑏and𝑐are decomposed into the 
product form of primes, the solution sets 𝑎,𝑏 and 𝑐 are 
following form. 
 
𝑎, 𝑏, 𝑜𝑟, 𝑐 ൌ 𝑝ଵ

௔భ𝑝ଶ
௔మ ⋯𝑝௧

௔೟                                                            (52) 
 
The number |𝑎|,|𝑏| and |𝑐| of solution 
sets 𝑎,𝑏 and 𝑐 is|𝑎|,|𝑏| or |𝑐|=𝑟𝑎𝑑ሺ𝑎, 𝑏, 𝑜𝑟, 𝑐ሻ ൌ 𝑝ଵ𝑝ଶ ⋯𝑝௧. 
 
Let’s look at the following example 𝑎, 𝑏, 𝑜𝑟, 𝑐 ൑ 𝑁.  
 

The number of integer solutions of equation 𝑥ଵ േ 𝑥ଶ േ ⋯േ 𝑥௜ േ⋯േ 𝑥௠ ൌ 0 is equal to the number of integer solutions of 
equation 𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁.  
 
Proof of Lemma 5 is completed. 
 
Enumeration Method of Lemma 4 and Lemma 5 
 

Table 5. Total number of integer solutions of the 3D equation  𝒙𝟏 െ 𝒙𝟐 ൌ 𝒙𝟑 where 𝒙𝒊 ൑ 𝟏𝟎 
 

𝒙𝟏 െ 𝒙𝟐 ൌ 𝒙𝟑 1 2 3 4 5 6 7 8 9 10 𝒙𝟏 

1 1-1=0 2-1=1 3-1=2 4-1=3 5-1=4 6-1=5 7-1=6 8-1=7 9-1=8   
2  2-2=0 3-2=1 4-2=2 5-2=3 6-2=4 7-2=5 8-2=6 9-2=7   
3   3-3=0 4-3=1 5-3=2 6-3=3 7-3=4 8-3=5 9-3=6   
4    4-4=0 5-4=1 6-4=2 7-4=3 8-4=4 9-4=5   
5     5-5=0 6-5=1 7-5=2 8-5=3 9-5=4   
6      6-6=0 7-6=1 8-6=2 9-6=3   
7       7-7=0 8-7=1 9-7=2   
8        8-8=0 9-8=1   
9         9-9=0   
10            

𝒙𝟐            
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For example, 𝑎 ൌ 2ଷ ൑ 8, the number of solution sets is |𝑎| ൌ
𝑟𝑎𝑑ሺ2ଷሻ ൌ 2, and the solution set is 𝑎 ൌ ሼ1， 2ሽ.  
 

For example, 𝑎 ൌ 3ଶ ൑ 9, the number of solution sets is |𝑎| ൌ
𝑟𝑎𝑑ሺ3ଶሻ ൌ 3, and the solution set is𝑎 ൌ ሼ1, 2, 3ሽ. 
 

For example, 𝑎 ൌ 2332 ൑ 72, the number of solution set 
is|𝑎| ൌ 𝑟𝑎𝑑ሺ2ଷ ⋅ 3ଶሻ ൌ 2 ⋅ 3 ൌ 6, and the solution set 
is𝑎 ൌ ሼ1 ⋅ 1， 1 ⋅ 2， 1 ⋅ 3; 2 ⋅ 1， 2 ⋅ 2， 2 ⋅ 3ሽ. 
 
The function 𝑟𝑎𝑑ሺ𝑛ሻ has two functions. First, the power of the 
function 𝑟𝑎𝑑ሺ𝑎, 𝑏, 𝑜𝑟, 𝑐ሻ ൌ 𝑝ଵ𝑝ଶ ⋯𝑝௧ does not affect the 
number of solution set. Second, the function 𝑟𝑎𝑑ሺ𝑛ሻ is a 
multiplicative function that acts as a combinatorial product. 
 

The function 𝑟𝑎𝑑ሺ𝑎, 𝑏, 𝑜𝑟, 𝑐ሻ ൌ 𝑝ଵ𝑝ଶ ⋯𝑝௧ is the number of 
solution set. 
 

The set ሼ𝑝ଵ𝑝ଶ ⋯𝑝௧|𝑝ଵ𝑝ଶ ⋯𝑝௧ ൌ 𝑟𝑎𝑑ሺ𝑎, 𝑏, 𝑜𝑟, 𝑐ሻሽ is a subset of 
all integers ሼ1,2,⋯ ,𝑁ሽ. 
 

ሼ𝑝ଵ𝑝ଶ ⋯𝑝௧|𝑝ଵ𝑝ଶ ⋯𝑝௧ ൌ 𝑟𝑎𝑑ሺ𝑎, 𝑏, 𝑜𝑟, 𝑐ሻሽ
⊆ ൛𝑝ଵ

௔భ𝑝ଶ
௔మ ⋯𝑝௧

௔೟|𝑝ଵ
௔భ𝑝ଶ

௔మ ⋯𝑝௧
௔೟ ൌ 𝑎, 𝑏, 𝑜𝑟, 𝑐ൟ

⊆ ሼ1,2,⋯ ,𝑁ሽ 
When 𝑎 ൑ 𝑁,𝑏 ൑ 𝑁 and 𝑐 ൑ 𝑁, the number of solution set 
is|𝑎|=𝑟𝑎𝑑ሺ𝑎ሻ ൌ 𝑝ଵ𝑝ଶ ⋯𝑝௧, |𝑏|=𝑟𝑎𝑑ሺ𝑏ሻ ൌ 𝑝ଵ𝑝ଶ ⋯𝑝௧, 
and |𝑐|=𝑟𝑎𝑑ሺ𝑐ሻ ൌ 𝑝ଵ𝑝ଶ ⋯𝑝௧. 
 
The equation 𝑎 ൅ 𝑏 ൌ 𝑐 in the 𝑎𝑏𝑐 conjecture has solutions. 
We have the approximate number of solutions to equation 𝑎 ൅
𝑏 ൅ 𝑐 ൌ 𝑁 
 
𝑁𝑆 ∼

ଵ

ଶ！

|௔|ൈ|௕|ൈ|௖|

ே
ൌ

௥௔ௗሺ௔ሻ⋅௥௔ௗሺ௕ሻ⋅௥௔ௗሺ௖ሻ

ଶ!⋅ே
ൌ

௥௔ௗሺ௔௕௖ሻ

ଶ!⋅௖
ൌ

௞⋅௥௔ௗሺ௔௕௖ሻ

௖
൒ 1            (53) 

 

Else     
௞⋅൫௥௔ௗሺ௔௕௖ሻ൯

భశഄ

௖
൒

௞⋅௥௔ௗሺ௔௕௖ሻ

௖
൒ 1                                 (54) 

 

Or          𝑘 ⋅ ൫𝑟𝑎𝑑ሺ𝑎𝑏𝑐ሻ൯
ଵାఌ

൒ 𝑐                                           (55) 
 

Where 𝑘 ൌ
ଵ

ଶ！
. The denominator 𝑐 can be understood as 

height. 
 
The quantity𝜀is an adjustment to the approximate solution𝑁𝑆in 
above. 
 

Proof is completed. 
 
Similarly, multivariate n-term 𝑎𝑏𝑐 conjecture of integer can be 
proven.  
 
The proof of n-term 𝒂𝒃𝒄 conjecture of integer 
 
Theorem 2 Given any integer𝑛 ൐ 2and any 𝜀 ൐ 0, there exists 
a constant 𝐶௡,ఌ. For all integers 𝑎ଵ,𝑎ଶ, ...，
𝑎௡ and 𝑔𝑐𝑑ሺ𝑎ଵ,𝑎ଶ,⋯ ,𝑎௡ሻ ൌ 1, and no proper subsum of 
𝑎ଵ ൅ 𝑎ଶ ൅ ⋯൅ 𝑎௡ ൌ 0 is equal to 0, we have  
 

𝑀𝑎𝑥ሺ𝑎ଵ,𝑎ଶ,⋯ ,𝑎௡ሻ ൑ 𝐶௡,ఌ ⋅ ሺ𝑟𝑎𝑑ሺ𝑎ଵ ⋅ 𝑎ଶ ⋯𝑎௡ሻሻଵାఌ 
 
When 𝑛 ൌ 3, the proposition degenerates into the 𝑎𝑏𝑐 
conjecture of integer. 
 
Proof 
 
In the n-term 𝑎𝑏𝑐 conjecture of integer, satisfies 𝑎ଵ ൅ 𝑎ଶ ൅
⋯൅ 𝑎௡ ൌ 0, that is, the equation 𝑎ଵ ൅ 𝑎ଶ ൅⋯൅ 𝑎௡ ൌ 0 has 

solutions, and the number of solutions to the equation 𝑎ଵ ൅
𝑎ଶ ൅ ⋯൅ 𝑎௡ ൌ 0 is more than or equal to 1. 
 
According to the transformation of the equation in lemma 4 
and lemma 5, we only need to compute the number of 
solutions to the equation 
 
𝑎ଵ ൅ 𝑎ଶ ൅ ⋯൅ 𝑎௡ ൌ 𝑁                                                     (56) 
 
Let's analyze the solution set and the number of solution sets 
for 𝑎௜ from the following two situations. 
 
1) When the solution set 𝑎௜ is the set of integers, that is, the 
integer𝑎௜is not decomposed into the product of prime numbers. 
 

𝑎௜ ൌ ሼ1, 2，3,⋯ , 𝑗,⋯ ,𝑁ሽ 
 
When 𝑗 ൑ 𝑁, the number of solution set is |𝑎௜|=𝑁. We have an 
approximate number of integer solutions of the equation 
𝑎ଵ ൅ 𝑎ଶ ൅ ⋯൅ 𝑎௡ ൌ 𝑁,  
 
where 𝑁 ൌ 𝑀𝑎𝑥ሺ|𝑎ଵ|, |𝑎ଶ|,⋯，|𝑎௡|ሻ, 
 

𝑁𝑆 ∼
ଵ

ሺ௡ିଵሻ!

|௔భ|ൈ|௔మ|ൈ⋯ൈ|௔೙|

ெ௔௫ሺ|௔భ|,|௔మ|,⋯，|௔೙|ሻ
ൌ

ଵ

ሺ௡ିଵሻ!

௥௔ௗሺ௔భሻ⋅௥௔ௗሺ௔మሻ⋅⋯⋅௥௔ௗሺ௔೙ሻ

ெ௔௫ሺ|௔భ|,|௔మ|,⋯，|௔೙|ሻ
ൌ

ଵ

ሺ௡ିଵሻ!

௥௔ௗሺ௔భ௔మ⋯௔೙ሻ

ெ௔௫ሺ|௔భ|,|௔మ|,⋯，|௔೙|ሻ
ൌ

௞⋅௥௔ௗሺ௔భ௔మ⋯௔೙ሻ

ெ௔௫ሺ|௔భ|,|௔మ|,⋯，|௔೙|ሻ
൒ 1                                                                (57) 

 

Else  
௞⋅൫௥௔ௗሺ௔భ௔మ⋯௔೙ሻ൯

భశഄ

ெ௔௫ሺ|௔భ|,|௔మ|,⋯，|௔೙|ሻ
൒

௞⋅௥௔ௗሺ௔భ௔మ⋯௔೙ሻ

ெ௔௫ሺ|௔భ|,|௔మ|,⋯，|௔೙|ሻ
൒ 1              (58) 

 

or 𝑘 ⋅ ൫𝑟𝑎𝑑ሺ𝑎ଵ𝑎ଶ ⋯𝑎௡ሻ൯
ଵାఌ

൒ 𝑀𝑎𝑥ሺ|𝑎ଵ|, |𝑎ଶ|,⋯，|𝑎௡|ሻ(59) 
 
2) When the solution sets𝑎௜are decomposed into the product 
form of primes, the solution sets 𝑎௜ are following form. 
 
𝑎௜ ൌ 𝑝ଵ

௔భ𝑝ଶ
௔మ ⋯𝑝௧

௔೟                                                                (60) 
 
The number of solution sets𝑎௜is |𝑎௜|=𝑟𝑎𝑑ሺ𝑎௜ሻ ൌ 𝑝ଵ𝑝ଶ ⋯𝑝௧. 
 
We have the approximate number of integer solutions of 
equation 𝑎ଵ ൅ 𝑎ଶ ൅ ⋯൅ 𝑎௡ ൌ 𝑁,  
 
where 𝑁 ൌ 𝑀𝑎𝑥ሺ|𝑎ଵ|, |𝑎ଶ|,⋯，|𝑎௡|ሻ, 
 
𝑁𝑆 ∼

ଵ
ሺ௡ିଵሻ!

|௔భ|ൈ|௔మ|ൈ⋯ൈ|௔೙|

ெ௔௫ሺ|௔భ|,|௔మ|,⋯，|௔೙|ሻ
ൌ

ଵ
ሺ௡ିଵሻ!

௥௔ௗሺ௔భሻ⋅௥௔ௗሺ௔మሻ⋅⋯⋅௥௔ௗሺ௔೙ሻ

ெ௔௫ሺ|௔భ|,|௔మ|,⋯，|௔೙|ሻ
ൌ

ଵ
ሺ௡ିଵሻ!

௥௔ௗሺ௔భ௔మ⋯௔೙ሻ

ெ௔௫ሺ|௔భ|,|௔మ|,⋯，|௔೙|ሻ
ൌ

௞⋅௥௔ௗሺ௔భ௔మ⋯௔೙ሻ

ெ௔௫ሺ|௔భ|,|௔మ|,⋯，|௔೙|ሻ
൒ 1                         (61) 

 

Else   
௞⋅൫௥௔ௗሺ௔భ௔మ⋯௔೙ሻ൯

భశഄ

ெ௔௫ሺ|௔భ|,|௔మ|,⋯，|௔೙|ሻ
൒

௞⋅௥௔ௗሺ௔భ௔మ⋯௔೙ሻ

ெ௔௫ሺ|௔భ|,|௔మ|,⋯，|௔೙|ሻ
൒ 1            (62) 

 

Or𝑘 ⋅ ൫𝑟𝑎𝑑ሺ𝑎ଵ𝑎ଶ ⋯𝑎௡ሻ൯
ଵାఌ

൒ 𝑀𝑎𝑥ሺ|𝑎ଵ|, |𝑎ଶ|,⋯，|𝑎௡|ሻ  (63) 
 

Where 𝑘 ൌ
ଵ

ሺ௡ିଵሻ!
, and the 

denominator 𝑀𝑎𝑥ሺ|𝑎ଵ|, |𝑎ଶ|,⋯，|𝑎௡|ሻcan be understood as 
height. 
 

Proof is completed. 
 
From above discussion, we can see that the larger the number 
of dimensions𝑚 or 𝑛, the greater the number of solutions of 
the equation. 
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Nevanlinna theory deals with the growth of zeros and poles 
(roots or solution sets) of meromorphic functions. According 
to Vojta's conjecture, there is a corresponding (similar) 
relationship between Nevanlinna theory in function fields and 
the abc conjecture in number fields (including integers). Since 
the general Fermat conjecture can be derived from the abc 
conjecture and also concerns the number of zeros (roots or 
solutions) of equations, Nevanlinna theory, the abc conjecture, 
Vojta's conjecture, and the general Fermat conjecture all those 
problems are the same class of problems related to the number 
of zeros (roots or solutions) of equations. 
 
This article presents an approximate combinatorial method for 
estimating the number of integer solutions to general 
Diophantine equations with countable solution sets. The 
applicable countable solution sets include integers, rational 
numbers, prime numbers, algebraic numbers, polynomials, 
algebraic number fields, and function fields. Some problems 
can also be transformed into counting number of solutions of 
equations. For applications of this method in other areas, such 
as the essence and number of solutions of the abc conjecture 
for algebraic numbers, polynomials, algebraic number fields, 
and function fields, the number of solutions to the general 
Fermat conjecture, and so forth, please refer to the reference 
[8]. 
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