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Abstract

A concise proof of Erdos and Turan conjecture on arithmetic progressions is given in this paper. Whether the set A < {1,2,---,N} (N = 2)
contains no non-trivial arithmetic progressions is equivalent to whether the corresponding linear Diophantine equation has no integer solutions,
so the combinatorial approximation method to obtain the approximate number of integer solutions to the linear Diophantine equation with integer
subsets as solution set is introduced. In different situations (Bloom and Sisask's situation, Behrend's situation, the case of powers of integer), we
assume different forms or models of density of the progressions or the integer subsets to compute the approximate number of integer solutions to
the corresponding linear Diophantine equation. When the corresponding linear Diophantine equation has no integer solutions, we can get the
density of progressions. The approximate number of integer solutions of corresponding linear Diophantine equations of the 2-term and 3-term
arithmetic progressions and the density of the 2-term and 3-term arithmetic progressions are computed to validate the combinatorial
approximation method. The results of 2-term and 3-term arithmetic progressions are improved and the results of n-term arithmetic progressions

are obtained.

Keywords: Erdos and Turan conjecture on arithmetic progressions, Arithmetic progressions, Linear Diophantine equation, Combinatorial approximation method,

Number of solutions, Set of solutions, Progressions of integer subsetsr.

INTRODUCTION

Erdos and Turan conjecture

A well-known conjecture of Erdos and Turan states that ifAis a

.. . 1,. .
set of positive integers such that Y., c 4 ;dlverges thenAcontains

arbitrarily long arithmetic progressions!').

Erdos and Turan conjecture. Suppose thatd =
{a; < a, < --}is an infinite sequence of integers such that

Zai =owthen A contains arbitrarily long arithmetic
i

progressions ',

Because A € {1,2,::+,N} (N = 2) is a set with no non-trivial
three-term arithmetic progressions, ie. no solutions to
x +y = 2z with x # y. In the discussion on Erdos and Turan
conjecture on arithmetic progressions, whether the set
Ac{12,---,N} (N = 2) contains no non-trivial arithmetic
progressions is equivalent to whether the corresponding linear
Diophantine equationx + y = 2z has no integer solutions. For
determining the number of integer solutions of the linear
Diophantine equation, first, we introduce the combinatorial
method, approximate combinatorial method, and enumeration
method to compute the number of integer solutions of linear
Diophantine equations whose solution set is integer set (integer
sequence) and is countable. Second, for cases where the
solution sets and the number of solution sets of the variables in
linear Diophantine equations are either the same or different,
we propose the approximate combinatorial method,
enumeration method, and density transformation method to
compute an approximate number of integer solutions of the
linear Diophantine equations whose solution sets are integer
subsets or sequences of integer subsets.

*Corresponding Author: Shihui You
Linyi Institute of Technology, Linyi, Shandong, 276025, China.

METHOD AND PROOF OF LEMMA

Lemma

Why study linear Diophantine equations? More specifically,
why analyze the number of integer solutions of linear
Diophantine equations whose solution sets consist of
sequences of integer subsets?

1. The number of integer solutions to linear Diophantine
equations can be determined by combinatorial methods.

2. To find integer solutions to nonlinear or higher-order
Diophantine equations is very challenging, whereas
counting the number of integer solutions for linear
Diophantine equations is comparatively easier.

3. The problem of counting the number of integer solutions to
nonlinear or higher-order Diophantine equations can be
transformed into the problem of counting the number of
integer solutions to linear Diophantine equations whose
solution sets are integer subsets.

4. The enumeration method allows for straightforward listing
of all integer solutions of linear Diophantine equations
when the solution set is an integer sequence, or all of
integer solutions are expressed as numerical equations or
equalities.

5. Since allinteger solutions of linear Diophantine equations
with solution sets formed by sequences of integer subsets
belong to the integer solutions of linear Diophantine
equations with integer sequences as solution sets, the
enumeration method likewise facilitates the straightforward
listing of all of such solutions as numerical equations or
equalities.

6. By utilizing the enumeration method, it is straightforward
to list all local integer solutions, or all of equations or
equalities of local integer solutions of linear Diophantine
equations whose solution sets are sequences of integer
subsets. Specifically, linear Diophantine equations can
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explicitly or concisely be represented by the numerical
equivalence relations within each local equation ( x; +
Xp+ o+ x;+ -+ x, =0 (1 <i<N)).

This section mainly discusses the number of integer solutions
to linear Diophantine equations whose countable solution sets
are given by integer sets or integer subset (sequences). The
definitions and notations used herein are consistent with those
in reference [8].

Lemma 1 presents the number of integer solutions of linear
Diophantine equations with integer set sequence as the solution
set. Lemma 2 provides the approximate number of integer
solutions of linear Diophantine equations with integer set
sequence as the solution set. Lemma 3 provides the
approximate number of integer solutions of linear Diophantine
equations when the solution sets and the number of the
solution sets of variables are either the same or different.
Lemma 4 and Lemma 5 present the properties of general linear
Diophantine equations when transformed into standard linear
Diophantine equations.

LemmalLlet NS =N (1,1, -1 N) be the number of integer
m
solutions of the standard linear Diophantine equation

XX X Xy, =
The number of integer solutions is well known as

NS =N (1,1,---,1;N) - (11:[1: i) = ¢t
1 Nn(lN—l)(N—Z)---(N—(m—l))
T (m-1)! N

For any non-negative integer N, the solution set isx; =
{1,2,3,---, N}, and the number of the solution set is |x;| = N.

Lemma2let NS =N (1,1, =15 N)be the number of integer

m
solutions of the standard linear Diophantine equation

X +x,++x++x, =N
then the approximate number of integer solutions to the

equation is

1

NS=N{(11,-1;N|~——=—N™+ O(N™ 2

<__/ ) (m—-1DIN ( )
m

For any non-negative integer N, the solution set is x; =

{1,2,3,---, N}, and the number of the solution set is |x;| = N.

Lemma 3Let NS =N (1,1, <1 N)be the number of integer

m
solutions of the standard linear Diophantine equation

X +x,++x++x, =N

then the approximate number of integer solutions to the
equation is

NS =N <1,1,---,1;N>

m

1 1
“m-DIN x1[1x2| -+ 2] + O(N™2)

For any non-negative integer N, the solution set is x; €
{1,2,3,---, N} , the solution set can be x; # x;, and the number

of the solution set is |x;| < N, it can be |x;| # |x]-|.

Lemma 4The number of integer solutions of equation x; +
X, + -+ x; £ -+ x,, = Nis equal to the number of integer
solutions of equation x; + x, + -+ x; + -+ + x,,, = N.

Lemma S The number of integer solutions of equation x; +
x,+ -+ x; £+ x, =0is equal to the number of integer
solutions of equation x; + x5 + =+ +x; + -+ + x;, = N.

Proof of Lemma

LemmalLet NS =N (1,1, -1 N) be the number of integer

m
solutions of the linear Diophantine equation

x1+x2+---+xi+---+xm =N
The number of integer solutions is well known as

NS = N<1,1,---,1;N> - (Q’l: 1) = ¢t
1 Nn(lN—l)(N—Z)---(N—(m—l))
~ (m—-1)! N

For any non-negative integer N, the solution set
x; = {1,2,3,:+, N}, the number of the solution set |x;| = N.

Proof

We consider the number of integer solutions of the linear
Diophantine equation where the solution set is an integer set or
a sequence of integer set, and a countable solution set. The
combinatorial method and the enumeration method are applied.

Combinatorial Method

Let NS =N (1,1, -1 N) be the number of integer solutions

m
of the linear Diophantine equation x; + x, + -4+ x; + -+ +

Xm =N (1)

It is well known that the number of integer solutions is'*!

_ 1. _ (N+m-—-1\ _ 1
NS—N(l,l,m ,1,N>— ( m—1 )—CN+m_1 )

For any non-negative integer N, the solution set isx; =
{1,2,3,---, N}, and the number of the solution set is |x;| = N.
Substitute x; — 1 = y;into equation (1) to obtain

ity +t+yitotyy,=N-m 3)

The number of integer solutions of equation (3) is
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B Y (N-1
NS_N<1,1,T;-,1,N>_ (m—l) cmt (4)

The number of integer solutions of equation (3) is equal to the
number of integer solutions of equation (1)

mN-1=CN=1 or (N :;IT I 1):(2’1: i) (5)

According to combinatorial relations, we have

cm = —C or € = R (6)
Cy' — CN_1 = Cy(7)

Equation (7) presents the recursive relation between the m-
dimensional linear Diophantine equation (x; + x, + -+ + x; +
-+ X, = N) and the (In — 1)-dimensional linear Diophantine
equation (xq +x, + -+ x; + -+ x,,_; = N). This equation
(7) also provides the recursive relation between the
heightNlinear Diophantine equation (x; + x5 + «--+ x; + - +
Xm =N) and the height (N —1)linear Diophantine
equation (xq + x, + -+ x; + - + x,, = N — 1). Equation (7)
can be used, based on height N and dimension m, to prove the
number of solutions of the linear Diophantine equation by
mathematical induction.

Local-Global Principle
The number of integer solutions of equation (1) is denoted as

NS=N<1,1,---,1;N>= (N:1) cml =
m

1 N(N-1)(N-2)-(N-(m-1))
(m—1)! N )

The product%N(N —1DIN=-2)- (N —(m- 1)) in the
formula Ci* — Ci*, = Ci*1, represents the total number of
integer solutions of the equation inmdimensions.

In the product LNV 2) (N=(m-1)) , the product—N (N —

DN -2)- (N - (m - 1)) is divided by N, therefore for
eachN(N=1,2,- -+, N), if the local equation x; + x, +
Xt xy, = i (1 < i < N)) have or not solutions, then
the global equation x; + x5 + -+ + x; + -+ + x,,, = N also has
or not solutions, and vice versa.

Enumeration Method

Linear Diophantine equations can provide clear or concise
numerical equivalence relations in each local equation
(X1+X2++xl++xm :l(l S l SN))

In linear Diophantine equation x; + x5 + ==« +x; + -+ + x;,, =
N, whenm = 3, the equation is transformed into x; + x, +
X3 = N.

According to lemma 5, the number of integer solutions to the
equation x; + x, +x3 = N is equal to the number of integer
solutions to the equation x; + x, + x3 = 0.

According to lemma 4, the number of integer solutions to the
equation x; + x, + x3 = 01is equal to the number of integer
solutions to the equation x; + x, —x3 = 0 or x; + X, = x3.
Now, consider the enumeration method to list the integer
solutions of linear Diophantine equations with a countable
solution set.

From the above, when m = 3, the number of integer solutions
to the equationx; +x, = x3or x; +x, + x3 = Nis equal
toCaZi =C3_;.

Table 1 below shows the total number of integer solutions of
the 3D equation x; + x, = x5 where x; < 10.

The number of integer solutions to the equation x; + x, = x3is
equal to
_ (N-1H(N-2)

" ©)

Ci-1=Chq =
When N < 10, as shown in Table 1.

When m = 2, the number of integer solutions to the equation
X, + x, = N is equal to

_ Mv-1) N-1H(V-2)
2! 2!

=Cl,=N-1 (10

is indicated by the diagonal line in Table 1.
Lemma 1 is proved.

Lemma2 Let NS =N (1,1, -1 N) be the number of integer
o
m

solutions of the linear Diophantine equation

x1+x2+"'+xi+"'+xm:N

Table 1. Total number of integer solutions of the 3D equation x; + x, = x3 where x; < 10

X;+x,=x3 |1 2 3 4 6 7 8 9 10 x4
1 1+1=2 2+1=3 3+1=4 4+1=5 5+1=6 6+1=7 T+1=8 8+1=9 9+1=10
2 1+2=3 2+2=4 3+2=5 44+2=6 5+2=7 6+2=8 7+2=9 8+2=10
3 1+3=4 2+3=5 3+3=6 4+3=7 5+3=8 6+3=9 7+3=10
4 1+4=5 2+4=6 3+4=7 4+4=8 5+4=9 6+4=10
5 1+5=6 2+5=7 3+5=8 4+5=9 5+5=10
6 1+6=7 2+6=8 3+6=9 4+6=10
7 1+7=8 2+7=9 3+7=10
8 1+8=9 2+8=10
9 1+9=10
10
X2
x =1{1,2,3,--,10}, x, = {1,2,3,---,10} and x5 = {1,2,3,-:-,10}
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the approximate number of integer solutions for the equation is

1 1
NS:N llli'“il;N N—_Nm O Nm_z
<_~ ) DNy TOWT

m

For any non-negative integerN, the solution set is x;
{1,2,3,---, N}, and the number of the solution set is |x;| = N.

Proof
Combinatorial approximation method

According to lemma 1, the equation x; +x, + -+ x; + -+
X, = Nhas the solution set

x; ={1,2,3,-~-,N}, and the number of the solution set is
lx;] = N.

The number of integer solutions for this equation is Cf* —
Ciy =

In the formulaCJ'—Ci', =CR , m is finite and
relatively N very small; Nis very large and infinite.

The formula CJ* — CI, = CIvt is
N(N-1)--(N-(m-1)) _ (N-DN=-2)-(N-m) _ (N-1)(N-2)--(N-(m-1))
- (m—1)!

m! oy (11
We make the following approximation N(N — 1)+ (N —
(m—1))=N"+0N™") (N-DN-2)-(N—-m)=
(N—-1)"+0(N™D) and (N-1DN-2)(N-
(m—1)) = NmD + o(N™2).

Obtain
m _ (N-1)™ _ N(m-1) m—2
m! m (m-1)! + O(N ) (12)

Local-Global Principle

The approximation number of solutions to equation (1) is
denoted by

(13)

= i1 —_1 N m-2
NS_N<1,1, ,1,N> 0N

m

The productl\%1 in the above formula (12) is the total number
of solutions for the m-dimensional equation.

m m
In %, the productljn—| is divided by N, therefore for each
N(N =1,2,--,i,--,N), if the local equationx; + x, + -+ +
Xi+ -+ x, =1(1 <i<N)have or not solutions, then the
global equation x; +x, + -+ x; + -+ + x,,, = N also has or

not solutions, and vice versa.
Enumeration Method

Equation x; + x, = x3 has the solution setx; = x, = x3 =
{1,2,3,---, N}, and the number of solution set is |x;| = [x;| =
|[x3] = N, and the density of the solution set is d; = d, =
d3 = 1.

Table 2 lists the total number of solutions for the 3D
equation x; + x, = x5 satisfies x; < 10.

When m =3, the number of integer solutions of the

equation x; + x, = X3 or
. N?
X1 + X, + x3 = N is equal to NS ~ o

When m =2, the number of integer solutions of the

equation x; + x, = N is equal to

NS ~———=—~ o N1, shown by the diagonal line in Table

The proof of Lemma 2 is completed.

Lemma 3Let NS = N(l,l,---,l;N) denote the number of

m
integer solutions of the linear Diophantine equation

x1+x2+---+xi+---+xm =N
and the approximate number of integer solutions to the

equation is

1 1
NS=N[11--1:N|]~—Dm— N™2
s ( 1 ) G T el bl £ 0™

m

For any non-negative integerN, the solution set is x; €
{1,2,3,:+, N}, the solution set can be

x; # x;j, and the number of the solution sets is |x;| < N, and it
can be |x;| # |xj|.

Table 2 Total number of solutions of the 3D equation x; + x, = x3 where x; < 10

X1+ X, =x3 1 2 3 4 5 6 7 8 9 10 x4
1 1+1=2 2+1=3 3+1=4 4+1=5 5+1=6 6+1=7 T+1=8 8+1=9 9+1=10
2 1+2=3 2+2=4 3+2=5 4+2=6 5+2=7 6+2=8 7+2=9 8+2=10 9+2=11
3 1+3=4 2+3=5 3+3=6 4+3=7 5+3=8 6+3=9 7+3=10 8+3=11 9+3=12
4 1+4=5 2+4=6 3+4=7 4+4=8 5+4=9 6+4=10 7+4=11 8+4=12 9+4=13
5 1+5=6 2+5=7 3+5=8 4+5=9 5+5=10 6+5=11 7+5=12 8+5=13 9+5=14
6 1+6=7 2+6=8 3+6=9 4+6=10 5+6=11 6+6=12 7+6=13 8+6=14 9+6=15
7 1+7=8 2+7=9 3+7=10 4+7=11 5+7=12 6+7=13 7+7=14 8+7=15 9+7=16
8 1+8=9 2+8=10 3+8=11 4+8=12 5+8=13 6+8=14 7+8=15 8+8=16 9+8=17
9 149=10 2+9=11 3+49=12 4+9=13 5+9=14 6+9=15 7+9=16 8+9=17 9+9=18
10
Xo

Solution set x4, x,and x5 is x; = {1,2,3,--+,10}, x, = {1,2,3,--+,10} and x5 = {1,2,3,---,10}.
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Proof
Combinatorial approximation method

According to lemma 2, the equation x; + x, + -+ x; + - +
X, = Nhas the solution setx; ={1,2,3,-:-,N}, and the
number of the solution set is |x;| = N, for the equation x; +
Xy + o+ x; + -+ x,, =N, has the following approximate
number of integer solutions:

ﬂ _ (N-1)™ _ ;N(m—l) + O(Nm—Z) (14)

~ (m-1)

NS =

m! m!
We rewrite the above expression as

ﬂ _-p™ 1 1
- (m-1)!N

-2
- N™ + O(N™2) (15)
The solution set is x; € {1,2,3, -+, N}and it can be x; # x;, and
the number of the solution set is |x;| < N, and it can be |x;| #

|x]- |, and the density of the solution set is d; = %

The above expression (15) multiplied by the density (d; - d -

-+ d; -+ dp,) of the solution sets
N (N-1)™ 1 1
(dy - d, - ....dm){F_T} ~ oy @ da
dp)N™ (16)
Left side= (dy'N)(da'N)--(dm'N) _ (d1-N—d4)(dpN—dp)--(dm'N—dm) (17)

m! m!

Since 0 < d; < 1, we make the following approximation
(dy"N—dy)(dy"N—dy) - (dp-N—dp)~(dy "N —
D(dy*N—-1)--(dp N-1).

The above formula can be approximated as

(dy-N)(daN)-(dm'N) _ (di-N-1)(da'N=1)--(dmN-1)

m! m!

Left side =

Left side = lxallxa]lxml _ (xal-D)(x2]-D)--(Xm|-1)

m! m!

; o= — 1+ 1 R m__1 1 .
Right side = DN (dy-d, dn)N DN (d,
N)(dy*N) - (dp, " N)

. . 1
nght side = WE |X1||x2| |xm|
Left side = Right side
lxqllxz - xm| — (x1l-D)(xz|-1)--(xm|-1) _

) m! ) m!
W;|x1||xz|"'|xm| +0(N™"2) (18)

Consider the non-uniform distribution of the number of integer
solutions caused by the combination of density d; in each

m dimension with N change, and then is modified

1
(m-1)!
toc(m, d;). c(m, d;) can be obtained through calculation based
on precision; that is

1 1
N(l,l,“‘,liN)_ =g [[xa] -+ x| =

T (m-1)!N
m

c(m, dp) < x| -+ ] + O(N™2) (19)

Local-Global Principle

The approximation number of integer solutions of equation (1)
is

11 _
NS = N(1,1,"',1:N>~Wﬁ|x1”x2| <o x| + O(N™ D) (20)

m

lxallx2|--xml -

The product — . in the above formula (18) is the total
number of integer solutions in dimension m.

lx1llx%2]-1xm]

|x1||xz|"'|_xm|’ the product ————"is divided
Nm! m!

byN,N(N=12,-,i,---,N ), if the local equation x; + x, +
o+ x;+ -+ x, =i (1 <i < N)have or not solutions, then
the global equation x; + x, + -+ x; + -+ + x,,, = N also has
or not solutions, and vice versa.

In

Enumeration Method
Example 1. Prime number

Solution setp = {2,3, 5,--,p;,:+,N}, p; <N, the number

of prime solution sets is |p| = % , and the density of the

prime solution sets isd; = d, = ﬁ The approximate number

of integer solutions of the equation p; + p, = Nis NS ~

Ip1lpal _ 0.62N

1IN (InN)?

on Goldbach’s conjecture and the number of solutions of
Goldbach’s equation p; + p, = N, please see reference[8].

(including duplicate solutions). For details

Table 3. Total number of integer solutions of 2D equation p, +
p2 = N where N < 10

py+p, =N 2 3 5 7 j 2
2 2+2=4
3 3+3=6 5+3=8 7+3=10
5 3+5=8 5+5=10 7+5=12
7 3+7=10 5+7=12 7+7=14
P2

x;=1{2,3, 5-,p,, N} {123, ,N}|x;| <N =10
Example 2. Residue class

In the equation a;x; + a,x, + -+ a;x; + -+ auxy, =N,
the solution set of the residue class is a;x; ={a; - 1,qa;-
2, ey @ k, ,N}

By substitution a;x; = y;,
we can obtainy; +y, + -+ y; + -+ y, = N.

Solution sety;isa;x; ={a;-1,a;-2,...,a; - k, ..., N},
therefore, when a; - k < N, and the number of the solution set
. N
is |a;x;| = o
In the equation x; + 2x, = x5, the solution sets x;,2x, and
X3 are
X1 = X3 = {1;2;3""']{""!1\[}
2x2 = {2,4,"',2k,"',N}
The number of the solution set [x;| = [x3] = N, [2x,| = g
The number of integer solutions is NS ~ % =
NN N2

2N 4
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Table 4. Total number of integer solutions of the equation x; + 2x, = x3, where x{, 3 < 10,2x; <10

Xy 2%, =x;3 | 2 3 4 5 6 7 8 9 10 x,
2 142=3  242=4  3+2=5  4+2=6  5+2=7  6+2=8  7+2=9  8&+2=10 9+2=11

4 1+4=5 2+4=6  3+4=T7  4+4=8  5+4=9  6+4=10 T+4=11 8+4=12 9+4=I3

6 1+6=7 2+6=8 3+6=9 4+6=10 5+6=11 6+6=12 7+6=13 8+6=14 9+6=15

8 148=9  2+8=10 3+8=11 4+8=12 5+8=13 6+8=14 7+8=15 8+8=16 9+8=17

10

2x,
x; €{1,2,3,,N}, x; # x;,|x; | <N=10
Density Transformation Method NS = Kbl |xm| + O(N™2) (26)

We now discuss the density transformation of linear
Diophantine equations whose solution set is an integer subset.

Let a4,a,,...a,, be  positive integers to  satisfy
gcd(aq, ay, -+, a,,) = 1. In addition, let
NS = N(ay,ay, -+, ay; N) be the number of integer solutions

of the equation

a X1+ azx, +--+aix; + -+ apxy, =N (21)
For non-negative integers x;,X,,...,.X;,. According to Schur's
theorem, the approximate number of integer solutions of
equation (21) is

Nm-1
(m-1)'aq-ay

NS =N(ay, a5, ,am; N) = + O0(N™2)(22)

For non-negative integersN, provided that N is sufficiently
large, especially when there exists an integerN,such that
each N > Nj has at least one representation >
Equation X1+ x,+ -+ x++x, =N (23)
Non-negative integers Xi,Xo,...,
integer subsets.

xi = {(ai)li (ai)Z’ (ai)3’ “'!N} g {112;3’ ""N}(l S L S m),
and can bex; # x] When (a;)r <N, and the density of the

Xm, and the solution sets are

solution set is d; = and the number of the solution set is

|Xl|:leSN

Transform x; = di - y;, the solution set
L

isy; ={1,2,3,-,N}(1 < i <m) is the integer set.

. 1 1 1
Solution set —y; = {dl 1,d—i-2,...,d—i-k,...,N}§
{1,2, 3,-,k,-+,N}, and the number of the solution set

1s|— yl| =d; - N < N, the solution set 1s - y;, the density is

d;, and there are

1
LNttt + it +— Ym =N (24)
According to formula (22),
solutions of equation (24) is

NS = N( --,L;N)
d.’dy’ dm
(dm - N)+O0(N™2)

the approximate number of

B () V) -

(25)

where d; - N = |x;|. The approximate number of solutions of
equation (24) is also

N-(m
Lemma 3 is proved.

For further discussion on the cases of unequal density d; - N =
|x;| and applications, see reference [8-10].

Lemma 4 The number of integer solutions of the equation
Xy tx,+--+x;+--+x, =N is equal to the number of
integer solutions of the equation xq +x, + -+ x; + -+
=N
m .

Proof

Combinatorial approximation method

In the equation x; + x, -+ x; -t x, =N, (27)
By substituting x; = y;,+x; = y;(2 <i <m)
we canobtainy; +y, + -+ y; + -+ y, = N. (28)

When x;, y;(1<i<m)c{123,-,k,--,N}, the solution

set of negative integers is —x; < {—1,—2,-3,--+,—k, -+, —N},
and when —N < —k < —1, the number of the solution set is
lxi | = lyil, =2 = || = |y:](2 < i < m).

According to lemma 3, the approximate number of integer
solutions of equation (27) can be expressed as

[xq|-1£x2 ]| £xm|

T C|x1||x2| |xm|+0(Nm 2)

N-(m-1)!

NS ~c

(29)

According to lemma 3, the approximate number of integer
solutions of equation (28) can be expressed as

o yalyallyml _xallxa - lxml m—2
NS ~c¢ von— = © Py + O(N™ %)

(30)
When x;, y;(1<i<m)={123,-,k,---,N}, the solution
set of negative integers is —x; = {—1,—2,-3,-+,—k,---,—N},
and when —N < —k < —1, the number of the solution set is
21| = |yl =N, |=x)| = x| = |y;| =NQ2 < i <m).

According to lemma 2, the approximate number of integer
solutions of equation (27) can be expressed as

EAR AR ENREAARRE! N™m-t
NS ~ ¢ 2 m o o222 m=C
N-(m—-1)! N-(m—1)! (m-1)

+0(N™2) (31)

According to lemma 2, the approximate number of integer
solutions of equation (28) can be expressed as

[l lxa - lml _ N
N-(m-1)! (m-1)!

NS~ 2l yal1yml _

N-(m-1)! + O(Nm 2)

(32)
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The number of integer solutions of equation (27) is equal to the
number of integer solutions of equation (28).

Proof of Lemma 4 is completed.

Lemma 5 The number of integer solutions of equation
xytx,+-+x;+-+x, =0is equal to the number of
integer solutions of equation Xx; +xp + -+ x; + -+ X, =
N.

Proof

Combinatorial approximation method

Equationx;  x, + -+ x; +--£x, =0 (33)
becomes x; x, £t x; X x, +N=N (34)
By substitution x; + N = y;and t x; = y;(2 < i <m)

we canobtainy; +y, + -+ y; + -+ yn, = N. (35

Since N is a constant; therefore, it is not included the number
of the solution set. The number of solution set |x; + N| is only
regarded as |x; + N|=|x,| = |y,].

When x;, y;(1<i<m)c{123,,k,-,N}, the solution
set of negative integers is —x; = {—1,—-2,-3,--+,—k,---,—N},
and when —N < —k < —1, the number of the solution set is
|=x;| = |x;| =yl 2 < i <m).

According to lemma 3, the approximate number of integer
solutions of equation (33) can be expressed as

NS ~ ¢ [x1+N|-|£x5] | x| =c ESIREZARRE + O(Nm—Z)
N-(m-1)! N-(m-1)!

(36)

According to lemma 3, the approximate number of integer
solutions of equation (35) can be expressed as

o alyellyml | xal-xa Xl m-2
NS ~c N-(m—1)! =c¢ N-(m—1)! +OW )

(37

Since N is a constant; therefore, it is not included the number
of the solution set. The number of solution set |x; + N| is only
regarded as |x; + N|=|x;| = |y;| = N.

When x;, y;(1<i<m)={123,:,k,--,N}, the solution

set of negative integers is —x; = {—1,-2,-3,--,—k,---,—N},
and when —N < —k < —1, the number of the solution set is
|—x;| = |x;| = |yl =NQ@2 < i <m).

According to lemma 2, the approximate number of integer
solutions of equation (33) can be expressed as

kN ] _
N-(m—-1)!

ltql-l2p |- lem| _  N™TE m-2
N-(m=1)! (m-1)! +O0(N )

NS

(38)

According to Lemma 2, the approximate number of integer
solutions of equation (35) can be expressed as

~ [yal-lyal-lyml _  lxqllxa]-lx,| _ N™71 S
NS ~c N DI € N(m-D _C(m—1)1+0(N )

(39

The number of integer solutions of equation x; + x, + -+
x; + -+ £+ x,, = 0 is equal to the number of integer solutions of
equation x; + x, + -+ x; + -+ x,, = N.

Proof of Lemma 5 is completed.
Enumeration Method of Lemma 4 and Lemma 5

For globe

forx; —x, =N (N = k = 0), see total number in Table 5.
forx; + x, = N (0 < k < N), see total number in Table 1.
For local

For x; — x, = k, see diagonal at k in Table 5.

For x; + x, = N — k, see diagonal at N — k in Table 1.

For other applications and validations of the approximate
combinatorial method, see reference [8-10].

Proof of Erdos and Turan conjecture on arithmetic
progressions

First, we consider the situation of 3-term arithmetic

progressions.

Because A € {1,2,::-,N} (N = 2) is a set with no non-trivial
three-term arithmetic progressions, i.e. no solutions to
x +y = 2zwith x # y, In the discus on Erdos and Turan
conjecture on arithmetic progressions, whether the set A C
{1,2,---,N} (N =2) contains no non-trivial three-term
arithmetic progressions is equivalent to whether the
corresponding linear Diophantine equationx + y = 2zhas no
solutions.

Recall Lemma 3. Whenm = 3, the equation x; + x, + -+
X; +-++x, = Nchange into x;+x,+x3=N. The
approximate number of integer solutions to the equationx; +
X, +x3 =Nis

NS ~ blatbsl ooy
2IN

(40)

Table 5. Total number of integer solutions of the 3D equation x; — x, = x3 where x; < 10

X1 —X; =X3 1 2 3 4 5 6 7 8 9 10 xq
1 1-1=0 2-1=1 3-1=2 4-1=3 5-1=4 6-1=5 7-1=6 8-1=7 9-1=8
2 2-2=0 3-2=1 4-2=2 5-2=3 6-2=4 7-2=5 8-2=6 9-2=7
3 3-3=0 4-3=1 5-3=2 6-3=3 7-3=4 8-3=5 9-3=6
4 4-4=0 5-4=1 6-4=2 7-4=3 8-4=4 9-4=5
5 5-5=0 6-5=1 7-5=2 8-5=3 9-5=4
6 6-6=0 7-6=1 8-6=2 9-6=3
7 7-7=0  8-7=1 9-7=2
8 8-8=0 9-8=1
9 9-9=0
10

X3
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According to Lemma 4, the number of integer solutions to the
equation x; + x, = x3is equal to the number of integer
solutions to the equation x; + x, + x3 = 0.

According to Lemma 5, the number of integer solutions to
equation x; + x, + x3 = Ois equal to the number of integer
solutions to the equation Xx; +x, +x3 = N, whileNis a
constant of integer.

Transform the equation x; + x, = x3 to

X1 +x2 +X3=N (41)
The approximate number of integer solutions to the
equation x; + X, + x3 = N orx; + x, = x31s

NS ~ EkElbsly o) (42)

To obtain the approximate number of integer solutions to the
equation x +y = 2z with x # y, we only need the number or
density of the solution set x,y and 2z.

The following is the procedure to solve density.

1. In the different situation (Bloom and Sisask's situation,
Behrend's situation, the case of powers of integer), we
assume different forms or models of density of the solution
sets (integer subsets) or progressions of integer subsetsx,y
andz, then to compute the approximate number of integer
solutions to the equationx + y = 2z with x # y.

2. When the equation x + y = 2z with x # yhas no solutions,
then the approximate number of integer solutions to the
equation x + y = 2z with x # y is less than 1.

3. From the condition that the approximate number of integer
solutions to the equationx +y = 2z with x # yis less
than 1, we can get the density of the progressions or integer
subsets (the solution sets).

Three-term arithmetic progressions (3-AP)

a) Bloom and Sisask's situation (Similar to case of prime
numbers)

Bloom, T. F., and Sisask (2021) improved the upper bound for
Roth’s theorem on three-term arithmetic progressions in the

integers!!l.

Theorem (Bloom, T. F., and Sisask) . Let N >2 and
Ac{12,---,N} be a set with no non-trivial three-term

arithmetic progressions, i.e. no solutions to x + y = 2zwith
x # Y. Then

N

|A| « Togmiee

(43)
where ¢ > 0 is an absolute constant.

Let us consider the integer solutions to x + y = 2z. Transform
itto

X1 +x, +2x3 =N. (44)

1 1
~ (log N)¢ and d2x3 ~ 2(log N)©’
we have the number of integer solutions of the equation

X1 +x,+2x3=N

Suppose the density d,,, = d,,

N N N
NS ~ 1 (tog N)¢ (log N)C 2(log N)€ <1 (45)
2/ N
N2
—<1
(log N)3¢

2log N < 3clog(log N)

2 logN

glog(log N) (46)

2 logN
When =—2—_
3log(log N)

x +y = 2z has no solutions.

< c, then the equation x; + x, + 2x3 = N or

Theorem 2.1 Let N > 2 and A c {1,2,---, N} be a set with no
non-trivial three-term arithmetic progressions, i.e. no solutions
to x + y = 2z with x # y. Then

4] < —
(log N)*

where 2_logh < c 1is an absolute constant.

3log(log N)

] . ..

When 2298 _ - ¢,Ac{1,2,-,N}includes non-trivial

3log(logN)
three-term  arithmetic  progressions. Whenc =1, the

proposition degenerates into the progressions of prime.

b) Behrend's situation

It was shown by Behrend” (1946) that for infinitely many
values N there are indeed subsets

1
2

A C [N] of § =~ 271092 op

1
exp (—c(log N)E) which have no non-trivial 3-term

density roughly

progressions.

Z. Kelley and R. Meka*"! (2023) showed that for some
constant 8 > 0, any subset A of integers{1,2, -+, N}of size at

1
least 270(gMF) . N exp (—c(log N)E) N

1
or exp (—c(lo g N)H) - N contains a non-trivial three-term

arithmetic progression.

Theorem (Z. Kelley and R. Meka) **!. The following holds

for some absolute constant exponent [ > 0. Suppose A C

|N|has density § = %. Then, either Acontains a non-trivial 3-

progression, or else § < 270(logF),

Bloom, T. F., and Sisask (2023) improved Kelley and Meka’s
conclusion'®”,

Theorem (Bloom, T. F., and Sisask) [ If A € {1,2,-+-, N} has
no non-trivial three-term arithmetic progressions then

1
|A] < exp (—c(log N)ﬁ) -N

for some constant ¢ > 0.
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Theorem (Bloom, T. F., and Sisask) " If A € {1,2, -+, N} has
no non-trivial three-term arithmetic progressions then

1
|A] < exp (—c(log N)ﬁ) -N

for some constant ¢ > 0.

Let us consider the integer solutions to x + y = 2z. According
to Lemma 4 and Lemma 5, transform it to

X1 +x2+ZX3 = N. (47)

Suppose the density d,, = d,, = zid and dy,, = ﬁ, we have

the number of integer solutions of the equation x; + x, +
ZX3 =N

NN N
NS ~ - @°@%2@0 < (48)
2/ N
2
1

(2)3d <

2logN < 3dlog?2

2
L2 g (49)
log 2
2
When % < d, then the equation x; + x, + 2x3 = N or

x +y = 2z has no solutions.

-1
T 2e®
the number of integer solutions of the equation x; + x, +
ZX3 = N

Suppose the density dy, = dy, = eid and dy,, we have

N N N

1 (e (22 (e)d
NS ~ O 20 < 1 (50)
NZ

<1
(e)3d

2
log(N): < d. (51)

2
When log(N)3 < d, then the equation x; + x, + 2x3 = Nor
x 4+ y = 2zhas no solutions.

Theorem 2.2 If A € {1,2,---, N}has no non-trivial three-term
arithmetic progressions, then

2
|A] < exp (—c(log N)§) -N

for some constant ¢ > 0.

2
When |A| > exp (—c(log N)E) -N, Ac{1,2,---,N} includes
non-trivial three-term arithmetic progressions.

¢) The case of powers of integer

Let us consider the solutions to x + y = 2z. Transform it to
Xl +x2+ZX3 :N. (52)

1 1-n
71
Suppose the density d,c1 = dx2 = NV =N and d2x3 =—

we have the number of integer solutions of the equation
xl + xz + ZX3 = N

11
NS ~ 2T < (53)
2!/ N
3-n
Nn <1
3<n (54)
When 3 <n, then the equation Xx; +x, +2x3 =N or

x + y = 2zhas no solutions.

Theorem 2.3 Let N > 2 and A c {1,2,---, N} be a set with no
non-trivial three-term arithmetic progressions, i.e.no solutions
to x +y = 2zwith x # y. Then

1
|[A| < Nn

where n > 3 is integer.

Whenn < 3,4 c {1,2,::-,N} includes non-trivial three-term
arithmetic progressions.

Similarly, the conjecture of n-term arithmetic progression can
be proven.

n-term arithmetic progressions (n-AP)
The conjecture of n-term arithmetic progressions of the
integer. Let N > 2 and A c {1,2,---, N} be a set with no non-

trivial n-term arithmetic progressions, i.e. following equations
have no solutions.

X — Xm-1 = K1

Xm-1— xrln:z =km—2 (55)
Xy — %1 =ky
where k; (1 <i < m — 1) are integer constant.

According to Lemma 4, the number of integer solutions of the
above equations (55) is equivalent to the number of integer
solutions of the following equations.

X + Xmo1 = K1
Xm-1 + Xm-2 = km—Z (56)
xZ + x1 = kl

Each equation in the equations (56) is added, and one can
obtain

Xm + 2xm_1 + -+ 2x2 + X1 = km_1 + km_z + -+ k1 =k (57)

We only need to compute the number of integer solutions of
the following equations.

X + Xi—1 = ki (58)

X+ 2Xpq o+ 2x,+x, =k (59)
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Where k;,k are integer constant, or
X, +x, =N (60)

X+ 2Xp1+ o+ 2%, +x;, =N (61)
where N,m are integer constant.

a) Bloom and Sisask's situation (Similar to case of prime
numbers)

Suppose the density d,, = d,, = we have the number

_r
(log N)©’
of integer solutions of the equation x; + x, = N

N N

N ~ LosTGeaC 4 (62)

N

— <1
(log N)*¢

logN < 2clog(log N)

1 logN

Elog(log N) (63)
When %% < c,then the equation x; + x, = Nhas no
solutions.
. 1
Suppose  the  density dy, =d,, = mand doy, =
2Gog W° (2<i<m-—1), we have the number of integer
solutions of the equation x,;, + 2x,,,_1 + -+ 2x, + x; = N
N N2 N
Cym= =4 C
N ~ (Lol 22lea N 0 < (64)
1 N‘m—l
. <1

2m=2(m —1)! (log N)™¢

. Nm—l
ﬁ— <1
(log N)m¢
log B+(m—1)log(N)

m-log(log N) <c (65)

When log B+(m—-1) log(N)

mlogUog M) < c, then the equation x,, + 2x,,_1 +

. 1
-+ 2x, + x; = N has no solutions, where f = Pr=Temrt
Theorem 2.4 Let N > 2 and A c {1,2,--, N} be a set with no
non-trivial n-term arithmetic progressions, then

4] < N
(log N)©

log B+(m—-1)log(N)

m-log(log N)
1

2m=2(m-1)!’

where <c is an absolute constant,

where § =

WhenM A c{1,2,---,N}includes
m-log(log N)

trivial n-term arithmetic progressions.

>c, non-

When ¢ = 1, the proposition degenerates into the n-term
progressions of prime.

b) Behrend's situation

Suppose the density d,, =d,, = zid, we have the number of
integer solutions of the equation x; + x, = N

N N

NS ~ @528 < q (66)

W<1

log N < 2d log 2

1
g2 g (67)
log 2
1
When lol‘Z(TNz)z < d,¢hen the equation x; +x, = Nhas no
solutions.

Suppose the density d,, = d,, = eid, we have the number of
integer solutions of the equation x; + x, = N

N N

NS ~ @508 < q (68)
o<1

1
log(N)z < d (69)

1
When log(N)z < d, then the equation x; + x, = N has no
solutions.

Suppose the density d,, = d,, = 2% and dy,, = 5(2 <i<
m—1), we have the number of integer solutions of the
equation X,,, + 2X,_q + -+ 2x, +x; =N

N N2 N
d om-2. —2)d (pd
NS ~ O LOMEECS < (70)
1 Nm—l

<1

2m2(m—1) / - (2)™

,8 . Nm—l < (z)md
logB+ (m—1)-logN <mdlog(2)

log B+(m-1)-log N

m10a (D) <d (71)

When log B+(m—1)-log N
mlog(2)

.-+ 2x, + x; = Nhas no solutions.

< d, then the equation x,, + 2x,,_4 +

. 1 1 .
Suppose the density dy, = dy,, = —; and dpy, = E(Z <i<
m—1), we have the number of integer solutions of the
equation X, + 2x_ 1 + -+ 2x, +x; =N

N N2 N
1 d om—2.g(m-2)d (g)@
NS ~ s OO < (72)
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1 Nm-1
2m=2(m-1) / -(e)Md

<1
,3 . Nm—l < (e)md
logB+(m—1)-logN <mdlog(e)

log B+(m—1)-logN
m

<d (73)

When w < d, then the equation x,, + 2x,,_1 +

-+ 2x, + x4 = N has no solutions.

Theorem 2.5 If A € {1,2,---, N} contains no non-trivial n-term
arithmetic progressions, then

(m-1)
|A| < exp <—c(log N) ) -N

for some constant ¢ > 0.
(m-1)
When|A| > exp (—c(log N) m ) - N, Ac{12,-,N}
includes non-trivial n-term arithmetic progressions.
¢) The case of powers of integer

Let us consider the solutions to x; + x, = N.

1

n 1-n
Suppose the density d,, =d,, = % = N"n, we have the
number of integer solutions of the equation x; + x, = N
1 1

NS~ <1 (74)

2-n
Nn <1
n>2

When n > 2, then the equation x; + x, = N has no solutions.
1

n in
Suppose the density d, =d, = NT =N nanddyy, =

Xm
1-n

NTn(Z <i<m-—1), we have the number of integer

solutions of the equation x,;, + 2x,,,_1 + -+ 2x, +x; = N

1
1 1 -
= = n
1 NnNn M2

NS ~ —y " <1 (75)
! N <1
<
m2(m—1) /"
m-n
Nn <1
m<n (76)

When m < n, then the equation X, + 2x,,_; + ---+ 2x, +
x; = N has no solutions.

Theorem 2.6 Let N > 2 and A c {1,2,--, N} be a set with no
non-trivial n-term arithmetic progressions, then

1
|A] < Nn

where m < n is integer.

When m>n, Ac{1,2,---,N} includes non-trivial n-term
arithmetic progressions.

32-term arithmetic progressions (2-AP)

2-term arithmetic progressions for the integer. Let N > 2 and
A c{1,2,---,N} be a set with no non-trivial 2-term arithmetic
progressions, i.e. the equationx; + x, = Nhas no solutions.

We only need to compute the number of integer solutions of
the following equations,

X1 i Xy = N (77)
whereN is integer constant.

a) Bloom and Sisask's situation (Similar to case of prime
numbers)

Suppose the density d,, = d,, we have the number

1
" (logN)©
of integer solutions of the equation x; £ x, = N

N N

NS ~ QoalZ0oaE 4 (78)

—=<1
(log N)*¢

logN < 2clog(log N)
l logN

2 log(log N) (79)

1 logN
When -—2=_
2 log(logN)

solutions.

< ¢, then the equation x; + x, = N has no

Theorem 2.7 Let N > 2 and A c {1,2,---, N} be a set with no
non-trivial 2-term arithmetic progressions, then

< J—
A< Tog nye
where 1_logh < c 1s an absolute constant.
2 log(log N)
1 logN . ..
When-———— > ¢, A c {1,2,---,N}includes non-trivial 2-

2 log(log N)
term arithmetic progressions.

When ¢ = 1, the proposition degenerates into the 2-term
progressions of prime, or strong Goldbach's conjecture and the
conjecture of twin prime numbers.

b) Behrend's situation

Suppose the density d,, =d,, = zid, we have the number of

integer solutions of the equation x; + x, = N

N N
NS ~ @2@¢ (80)
N
N
— <1

(2)2(1
logN < 2dlog?2
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1

log(N)2

Tlog2 d (81)
1

When lzﬁgvz)z <d, then the equation x; *+x, = Nhas no

solutions.

Suppose the density d,, = d,, = eid, we have the number of
integer solutions of the equation x; + x, = N

N N
NS ~ @2 < 4 (82)
o<1

1
log(N)z < d (83)

1
When log(N)z < d,then the equation x; + x, = Nhas no
solutions.

Theorem 2.8 If A € {1,2,---, N} contains no non-trivial 2-term
arithmetic progressions, then

1
|A] < exp (—c(log N)E) -N

for some constant ¢ > 0.

1
When|A| > exp (—c(log N)E) -N,Ac{1,2,---,N} includes

non-trivial 2-term arithmetic progressions.
¢) The case of powers of integer

Let us consider the solutions to x; + x, = N.

1
NT 1i-n
~ = N = ,we have the

number of integer solutions of the equation x; + x, = N

Suppose the density dy, =d,, =

11
NS ~ MM
2-n
Nn <1
n>?2

<1 (84)

When n > 2, then the equation x; + x, = N has no solutions.

Theorem 2.9 Let N > 2 and A c {1,2,-, N} be a set with no
non-trivial 2-term arithmetic progressions, then

1
|A] < Nn
Where n > 2 is integer.

When n< 2, Ac{1,2,:--,N} includes non-trivial 2-term
arithmetic progressions.

Nevanlinna theory deals with the growth of zeros and poles
(roots or solution sets) of meromorphic functions. According
to Vojta's conjecture, there is a corresponding (similar)
relationship between Nevanlinna theory in function fields and
the abc conjecture in number fields (including integers). Since
the general Fermat conjecture can be derived from the abc
conjecture and concerns the number of zeros (roots or
solutions) of equations, Nevanlinna theory, the abc conjecture,
Vojta's conjecture, and the general Fermat conjecture all of
those probloms is the same class of problems related to the
number of zeros (roots or solutions) of equations.

This article presents an approximate combinatorial method for
estimating the number of integer solutions to general
Diophantine equations with countable solution sets. The
applicable countable solution sets include integers, rational
numbers, prime numbers, algebraic numbers, polynomials,
algebraic number fields, and function fields. Some problems
can also be transformed into counting number of solutions of
equations. For applications of this method in other areas, such
as the essence and number of solutions of the abc conjecture,
the number of solutions to the general Fermat conjecture, and
so forth, please refer to the reference [8].

REFERENCES

1. Bloom, T. F., and Sisask, O. Breaking the logarithmic
barrier in Roth’s theorem on arithmetic progressions.
arXiv:2007.03528v2, 2021.

2. Takao Komatsu. On the number of solutions of the
Diophantine equation of Frobenius-General case.
Mathematical Communications 8(2003), 195-206.

3. Behrend, F. A. On sets of integers which contain no three
terms in arithmetical progression. Proc. Nat. Acad. Sci.
U.S.A. 32 (1946), 331-332.

4. Kelley Z. and R. Meka. Strong bounds for 3-progressions.
arXiv:2302.05537, 2023.

5. Z. Kelley and R. Meka. Strong bounds for 3-progressions.
arXiv:2302.05537vS5, 2024.

6. Bloom, T. F., and Sisask, O. The Kelley—Meka bounds for
sets free of three-term arithmetic progressions.
arXiv:2302.07211v1, 2023.

7. Bloom, T. F., and Sisask, O. An improvement to the kelley-
meka bounds on three-term arithmetic progressions.
arXiv:2309.02353v1, 2023.

8. Shihui You (2024). On the number of solutions of the
equation with countable solution set. https:/www.
researchgate.net/publication/391160710.

9. Shihui You (2026). On the Representation of a Number as
the Sum of Two Squares and a Prime. Pure and Applied
Mathematics Journal, 15(2), 18-28.

10. Shihui You (2026). A concise proof of fermat’s last
theorem and general fermat (or beal) conjecture.
International Journal of Science Academic Research, 7(7),
1141-1148.

%k %k %k %k %k k ko k



