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Abstract

In this paper, we present an approach integrating fuzzy logic strategy for solving an optimal control problem of hypoxemic hypoxia tissue blood
dioxide carbon exchange in human body. The response to exercise is high- lighted by existence of heart rate and alveolar ventilation which are
controls of cardiovascular-respiratory system. In order to verify the adequacy of fuzzy logic strategy, numerical results for a 30 years old woman
performing jogging are compared with ones obtained direct method. The findings are in good agreement with empirical data. Therefore approach
integrating the fuzzy logic strategy is very important for solving optimal control problem and it induces the performance of cardiovascular-

respiratory system.
Mathematics Subject Classification : 92C30, 49J15
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INTRODUCTION

Human body can be deprived of adequate oxygen supply at the
tissue level. This pathological condition refers to hypoxia can
affect the whole body (Anoxia), or a region of the body
(Tissue hypoxia) [1]. Hypoxemic hypoxia refers specifically to
hypoxic states where the arterial content of oxygen is
insufficient [2]. The insuffi- cient oxygen delivery
(hypoxemia) is due to low of partial arterial pressure of oxygen
(Pa0,) or inability to use it [3], [4], [5] and high partial arterial
pressure of dioxide carbone (PaCO,). Moreover, human body
is facing with hypoxia when PaO, is less than 55mmHg and
PaCO, greater than 45mmHg. This change of pressures of
cardiovascular-respiratory system controlled by central
chemoreceptors in the hy-pothalamus [6] causes ventilation to
decrease [7]. Anoxia or tissue hypoxia may not be present only
in patients since it occurs when healthy people ascend to high
alti- tude or when breathing mixtures of gases with a low
oxygen content. The hypoxia happens also during physical
activity. Moreover, human body needs more oxygen during
physical activity the muscles uses oxygen amounts available in
the blood. This mechanism is amplified when efforts involving
large muscle groups such as cy- cling or running that are
performed in hypoxia [8], [9]. Therefore, physical activity
plays a crucial role if deficiency in the amount of oxygen
reaches the tissues of the body that is when hypoxemic
hypoxia happens. Mathematically, this mechanism can be
done by solving an optimal control problem of cardiovascular-
respiratory system where heart rate and alveolar ventilation
consist of controls. The objective of this paper aims at using an
approach integrating the fuzzy logic strategy to solve this
optimal control problem. The techniques based on fuzzy logic
control system proposed by Lotfi Zadeh [10] in 1965 are
methods which imitate human’s decision making [11].
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Fuzzy logic control system based on analyzes analog input
values into logical variables through mathematical system with
continuous values between 0 and 1. It is used by scientists
since it can be implemented in hardware, software, or a
combination of both. Fuzzy logic system uses the sets that are
represented by a membership function which defined on the
universe of discourse and maps each clements of universe
throw numerical values in the interval [0, 1]. This paper is
organised as follows. Section 2 presents the methods and
material. An optimal control problem is defined presented in
this section. The section 3 deals with discrete form of optimal
control problem and model equations using both fuzzy logic
strategy and direct method. The numerical simulation is
presented in section4 while section 5 focuses on concluding
remarks.

METHODS AND MATERIALS

We consider the mathematical model of mass transport of
dioxide carbon exchange in tissue developed by Guillermo
Gutierrez [12]. The diagram of this mathematical model is
illustrated in the Figure 1. The equations models are as
follows.
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Figure 1. Diagram for the tissue dioxide carbon exchange model
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d[co. .
[ o 2l _ VOO, — Kv([COy)s — [COy),), (1)
d[co :
CPi ~ Q([00a ~ [CO) + Ku([COs) = [COA), @
where [CO,] denotes the total dioxide carbon exchange

concentration (dissolved and bound). The subscripts ¢ and v
refer to the tissue and vascular compartments respectively. The
parameter Kv is the mass transfer coefficient for CO,. The CO,
production is V° CO, and the rate of change of [CO,],
depends on blood flow per unit volume of tissue (Q°) in
vascular compartment. The controls of respiratory and
cardiovascular are systems are alveolar ventilation (V"A)
and heart rate (H), respectively

While a person performing physical activity, respiratory
control system varies the ventilation rate in response to the
levels of CO, and O, in the body and the controlmechanisms of
cardiovascular system influences global control in the blood

vessels as well as heart rate for changing blood flow Q[13].
Generally, this mechanism of control happens in altitude and
particular in the hypoxia case. Mathematically, the role of
these controls is modeled by the following equations

dH
— = ult), (3)
av,
=), (4)

where u(f) and v(¢) are functions determined by an optimality
criterion.

Let consider

Sv0,
1 — Sv0,

6
) +3.321 — (72 x Sv0;) — % (5)

A = exp [0.385 x In(

and

e [CO,), x ((2.244 — 0.422 x SO,) x (8.74 — pH)) .
T ((2:244 — 0.422 x SO,) x (8.74 — pH)) — 0.43 ~ ©)

In (5) the quantity SvO2 is venous oxyhemoglobin saturation
and it is defined as follows

[02}1;
5002 = T30 [

The expression (6) refers to content of plasma defined by
Douglas [14] where SO, denotes sulfur dioxide, pH is constant
which shows how strongly acid is and where [Hb] refers to
the blood hemoglobin concentration in g/L and in numerical
simulationwe consider that it is equal to 7.40g/L. Using Fick’s
law, the venous concentration ([O,],) in the vascular
compartment is expressed as follows

Ozl = [Os] — 222,

Q

where [0O;],and V' O,
oxygen and production

denote arterial concentration of
of oxygen respectively. The partial

arterial pressure of oxygen is given by (See [12] and[15] for
details)

Pa0Oy = A x exp[2.016(7.4 — pH)). (™)

and Henderson-Hasselbach equation [16] leads to the
following equation of partial arterial pressure of oxygen
dioxide carbon

B
0.06868 x [10(L04214pH—6A41036)}'

PaCO, = (8)

Let P°a0, and P°aCO, be equilibrium value of PaO, and
PaCO, respectively. Since respiratory control system aims at
keeping arterial pressures closely to their equilibrium values,
optimal control problem is formulated as follows.

Define

Tmax
J(u,v) = / G0, (PaCOy — P2a0,)*+qo, (Pa0y — P?aCOs) +quu(t)*+q,0(t)%,
0

)
solve the following coefficient identification problem.
Find control U* = (u*, v*)’ such that
U* =arg min J(U), (10)

U:(u,v)i

subject to the model equations (1)-(4) where gco2 | 902 . q.

and ¢, are weight con- stants while in (9) Ti,,x denotes the
maximum time the physical activity is per- formed.

DISCRETE OPTIMAL CONTROL PROBLEM

The cost function (9) and model equations (1)-(4) are
discretized using two different methods: fuzzy logic strategy
and direct method. Fuzzy logic strategy is developed by
Takagi-Sugeno [17], [18]. For more details, refer also to [19],
[20] and [21]. The use of two different methods leads to
compare the solutions in order to test efficiencyof fuzzy logic
strategy.

We start the discretization using fuzzy logic strategy. Let
consider

a=RQ x SV x (|04, — [04],) (11)

and
/3 = Q X f((j()2 X VCOQK (12)

The model equations (1)-(4) becomes

OOk _ o — kv (004 - [COML)
d[CO,], = Ko[COyJs + ﬁ —(Q + Kv)[COs), + Qkco,,
dt Va ()
dH
g = u(t),
A ,
e u(t).

Hence, using explicit Euler’s method we get
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[COL Y = [CO)F + H(—Kv [CO5)F + Kv[COy)F + aHF),
" ; B .
[COLJEH = [COLE + h(Kv [COJE = (Q + Kv) [COu)* + ﬁ + Qkco,). i
A
H*1 = H* 4+ h(u(t)),
VA = VE + h(v(t)),

Tmax .

N

where i =

Let X = ([CO,]t, [CO,]v , H, VA) be operating point and
assuming s = 1, 2, 3 be operating point number associated X
we have the system

XM = A X + BsUrs +Cs,  s=1,2,3, (15)
Where
1—-hKv hKv ah 0
A hKv  1—-h(@Q+Kv) 0 0
s 0 0 h oo |’
0 0 0 h
0000 0
Okco, + ——
B=p| TOUY] pqE = Sien v | (16)
1000 )
0100 8
Let consider
B (PQCOQ - PEGCOQ, ,PG.OZ - PGLZOQ)t, (17)

thus using rectangular method approximation of cost function
(9) becomes

N-—

—

(YIRY; + UL BUy)A, (18)
where

k=0
R= qco, 0 ’ _ Gu 0 ) (19)
0 q0o, 0 q

Finally, the optimal control problem (10) subject to (1)-(4)
becomes the a linear quadratic (LQ) problem formulated as
follows.

Find U»= (U0 :::; UN#-1)t solution of

N-1

min J(Y, U) =Y (Y{RY, + U.BU)h, (20)
k=0

subject to

KO = AR ey - Bl B =198 (21)

We now focus on the discretization of the model equations (1)-
(4) and cost function using direct method. We consider linear
B-splines functions

N =iy =yl P, (a2)

defined on the uniform grid

kT wax
QN:{tk: ==, kO,...,N}. (23)

such that
Py (k) = Ok,

where ¢ denotes Kronecker symbol. Hence, using B-splines
functions the discrete equations model of the system (1)-(4) is
as follows.

N
a [Cdiz]t =VCO, — Kv([CO,)YN — [COsY), (24)
N
: [Cd?ﬂ” = Q([COa = [COLY) + Ku(ICOJY = [COAY), (25)
aHY
dt =), (26)
T =, (27)
(€O (0) = [COY°,  [CORY (0) = [CORLY?, (28)
such that
|[002L,o— [COZ]ﬁV’Ol =0 ‘[002}0,0— [COQ]iV*O’ —0,
and
|H0 - HN,OI — 0, ‘VA,O _ Viv,o — 0.

Let set

2 = (PaCOsy, Pa0y)" (P¢aCOsy, P?aOy)'.

and z¢ =

The discretization of the cost function (9) in QN can be written
as follows

S = Z(Zkl( (tx) — ¢ +qu ) (29)

k=1 i=1

where

k = (9c0,,90,)" and ¢ = (qu, q,)"

The “* ** Y %and gi are the ith component of the vectors x;
x%; U; k and ¢ respectively.

Let consider ¥ = C’(0; Tmax), we want to find
UN = (@0, U) € ¥

that minimizes the cost function (29) in Q"= (")* such that
(30)

Finally using B-splines functions, the discrete formulation of
optimal problem (10) subject to (1)-(4) is written as follows.
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min JYUN) ~ At (@jﬂmi,ﬂ) i BQN) (31)

UNeRW+1) x RN+1) -

subject to (24)-(28) where U " is a matrix (N + 1) x 2 such that

N
the components Uk are components of the function’s  in the
set BY and x;, denotes the matrix with (i, )™ component

Y (te) = 2, Rand B are matrices as in (19).
NUMERICAL SIMULATION

The numerical tests deal with a 30 years old woman
performing three physical activity: walking, jogging and
running fast for a period of Ty, = 10 minutes. The Table 1
shows the values of her determinant parameters [22]. We
consider

Table 1. The values of determinant parameters of
cardiovascular-respiratory systemat equilibrium state for
woman 30 years old who performs three physical activities

Exercise intensity Rest | Walking | Jogging | Running Fast
Ventilation (L/min) 6 8.5 15 25
Heart rate (Beats /min) | 70 85 140 180
Arterial Pas(mmHg) 140 110 135 170
Venous Pvs(mmHg) 3.566 3.46 3.28 3.23

P°aCO, = 38mmHg, P°a0, = 95mmHg and N = 100 and
values of parametersare given in Table 2 .

Table 2. Values of parameters used in the mathematical model
cost function

Parameter | Value | Parameter | Value
Q 6 Pl 38
Kv 0.05 | Pca,, 95
pH 7.35 | (CO)s 26.5
Sa0s 0.98 | (COs)¢ 18.5
VCO, 0.21 | Py,o 47
Pary 760 RQ 0.8
Fro, 021 | SV 0.7
Geoq 10 Keo, 0.0065
oy 15 kco, 0.244
au 100 | [0, 0.197
qv 100 [04], 0.147
K 863

According to physiology of cardiovascular-respiratory system,
the bound of eachmodel variable is taken as shown in the
Table 3.

Table 3. Bound of each model variable

Model variable | Interval
O, 25,35
[COs], (15, 30]
H (50, 180]
Va [4, 25]

Four linguistic variables of discourse X defined using variables
of mathematical model (1)-(4) are as follows.

CO2t: total tissue CO, concentration
CO2v: total vascular CO, concentration,
H: heart rate

V4. ventilation rate.

Since operating points take the corresponding values in the
labels centers of a universe of discourse X [23], using bound of
model variables, fuzzy terms as well as centered values for
minimum, middle and maximum of labels are given in Table
4.

Table 4. Fuzzy terms and value of centered fuzzy label

Linguistic variable | Fuzzy term | Centered label value
CO2tmin 25
CO2t CO2tmiddle | 30
CO2tmax 35
CO2vmin 15,
CO2v CO2vmiddle | 22.5
CO2vmax 30
Hmin 50,
H Hmiddle 115
Hmax 180
Vamin 4
Va Vimiddle 14.5
Vimax 25

The operating points associated to above linguistic variables
are given in the Table 5 while membership functions
corresponding to this labeling are illustrated in the Figure 2
and 3. The Table 6 shows the obtained degrees of membership
of each linguistic variable.

Table S. Variables and their operating points

Variable | Operating Points
[COs), [25; 30; 35}

[COs], | [15;22.5;30]

H [50; 115; 180}

Va [4; 14.5; 25

Table 6. Variables and their corresponding membership degrees

Variable | wqy | wor | way
[COs], 0 0.4 |0.6
[COs], |0 0.27 | 0.73
H 03 (07 |0

Va 0.38 1 0.62 |0

Using parameters values presented in the Table 2 the relation
(11) and (12) lead
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[ 0.995 0.005 0.0028 0 0 0 00
IJ' |~ |4
COytmin 3| COytmiddle COztmax g | B R 0 01 5, |0 0001 59
0 0 1 0 01 0 00
0 0 0 1 0 01 00
0 0 0
0.3231 0.1951 0.1747
C, = 5 Cy = ? 5 C3 =
0 0 0
0 0 0
Therefore, the optimal control problem (20)-(21) becomes a
linear quadratic problem and using the theory of feedback
control we get its solution of the form [24]
Up=—-Kizp,i=1,..,9 k=0,.,N-1, (32)
b, © where
O;vmin i CO,vmiddle Czymane

15

Figure 2. Membership function of /7 ".,.. (a) and /7 "... (b)
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Figure 3. Membership function of /7(a) and /7 (b)

to a = 0:028 and = 7:068, respectively and after calculations
we get the following matrices which remain unchanged.

K;=(Q+ BIE;B,)"'Bl E;A,,

is the feedback gain matrix and Ei discreet Riccati equation
solution of the following form

E —Q—ATE A, + ATE;B;(R + BTE;B;)'BI'E;A; = 0. (33)

Using defuzzyfication method [18] we obtain the following
matrices.

0.995 0.005 0.0028 0 0 00 0

R =4 7

e 0.0056 039% 0 0 B 0 0 00 and C = 0.2437
0 0 1 0 0.L 0 00 0
0 0 0 1 0 0100 0

Using MATLAB built-in function dare to solve (33) and
defuzzyfication method we obtain

0.0104 0.0013 3.3354 0
B 0 0 0 2.2468
| 01880 0.0125 00110 0

0.0296 0.0401 0.0031 0

The variation of controls of cardiovascular-respiratory system
are represented in the Figure 4 while the Figures 5 and 6 present
response of physical activity due tothese controls.

According to numerical results, the controls of cardiovascular-
respiratory system, heart rate and the alveolar ventilation
increase since the onset of physical activity until they reach a
stabilized state (See Figure 4). This behaviour of these control
dur-ing physical activity can help to avoid or even heal non
severe hypoxemic-hypoxia. Furthermore, on the one hand
ventilation increases and gas is supplied and regu- lated
through the body but on the other hand increase in heart rate
and ventilation rate result in an adequate and regular supply of
both oxygen and carbon dioxide in exercise. The Figure 5
shows that tissue and venous dioxide carbon concentration
decrease. This is due to brut increase of ventilation at the
beginning of the physi- cal activity which is followed by a
gradual increase of ventilation. Accumulation of lactic acid
may allow cardiovascular-respiratory system to become less
ventilated.
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Figure 4. Variation of heart rate (a) and ventilation rate (b) for a
30 years old woman performing jogging. The curves in dotted
line represent the parameter for the direct approach. The curve
dashed line show the parameter for the approach integrating the
fuzzy logic strategy
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Figure S. Variation of carbon dioxide in tissue (a) and in vascular
(b) for a 30 years old woman performing jogging. The curves in
dotted line represent parameter obtained using direct approach.
Approach integrating fuzzy logic strategy allows to get curve of
parameter in dashed line

This physiological phenomenon causes the increase
(respectively decrease) of PaCO, (respectively PaO,). This
doesn’t happen for a 30 years old woman performing jog- ging
as shown in the Figure 6. Furthermore, before being stabilized
at equilibrium value, arterial partial pressure of dioxide carbon
(respectively oxygen) decreases (increases).
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Figure 6. Variation of optimal arterial partial pressure of carbon
dioxide (a) and oxygen (b) for a 30 years old woman performing
jogging. The curve in solid line represents equilibrium value of
parameter of cardiovascular-respiratory system. The curve in
dotted line indicates optimal parameter obtained using approach
integratingthe fuzzy logic strategy while direct approach allows to
get the curve in dashed line that illustrates optimal parameter of
cardiovascular-respiratory system

CONCLUDING REMARKS

The results obtained in this work are rather satisfactory. To test
efficiency of ap- proach integrating fuzzy logic strategy, the
numerical results are compared to ones obtained using direct
method. The numerical finding show that those two used
methods are satisfactory and closed since they confirm
empirical evidence. In par- ticular, the response of controls of
cardiovascular-respiratory system to exercise can be modeled
and a feedback is approximated by the solution of a linear
quadratic problem. Consequently, physical activity reduces the
risk of hypoxemic-hypoxia or any cardiovascular-respiratory
disease. Furthermore, physical activity induces im- portant
changes in the stabilization of cardiac, vascular and blood
tissue. Approach integrating the fuzzy logic strategy is very
important for solving optimal control problem. In particular, it
gives optimal trajectories of cardiovascular-respiratory system
in the same way it ensures performance of this system.
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